
 

                      
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Unit Outcomes:Unit Outcomes:Unit Outcomes:Unit Outcomes: 

After completing this unit, you should be able to: 

���    know basic concepts about reciprocal functions. 

���    sketch graphs of some trigonometric functions. 

���    apply trigonometric functions to solve related problems. 
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INTRODUCTION 

Trigonometry is the branch of mathematics that studies the relationship between angles 

and sides of a triangle. The values of the basic trigonometric functions are the ratio of 

the lengths of the sides of right-angled triangles. 

Although "trigonometry” originated as the study of calculating the angles and lengths in 
triangles, it has much more widespread applications.  

One of the earliest known uses of trigonometry is an Egyptian table that shows the 

relationship between the time of day and the length of the shadow cast by a vertical 

stick. The Egyptians knew that this shadow was longer in the morning, decreased to a 

minimum at noon, and increased thereafter until sun-down. The rule that gives time of 

day as a function of shadow length is a forerunner of the tangent and cotangent 
functions (trigonometric functions) you study in this unit.  

9.1   THE FUNCTIONS y = sec x, y = cosec x 

AND y = cot x 

You have learnt that the three fundamental trigonometric functions of the acute angle θ 

are defined as follows. 

Name of Function Abbreviation Value at θθθθ 

sine sin sin θ = 
opp

hyp
 

cosine cos cos θ = 
adj

hyp
 

tangent tan tan θ = 
opp

adj
 

 

Considering the standard right-angled triangle and 

looking at the ratios these basic trigonometric functions 
represent in relation to angle A, you obtain: 

sin

cos

tan

opposite a
A

hypotenuse c

adjacent b
A

hypotenuse c

opposite a
A

adjacent b

= =

= =

= =

     

B 

Figure 9.1 

adjacent  ∠A 

C 

c 

b 

a 

A 

Hypotenuse       

opposite ∠A 
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AACCTTIIVVIITTYY  99..11  

1 Given the triangle in Figure 9.2 below, find   

a sin A   b sin B   c cos B   d tan B 

 

Figure 9.2     Figure 9.3 

2 Given the triangle in Figure 9.3 above, evaluate 

 a 
1

sinθ
   b 

1

cosθ
  c 

1

tanθ
   

There are actually six trigonometric functions. The reciprocals of the ratios that define the 

sine, cosine and tangent functions are used to define the remaining three trigonometric 

functions. These reciprocal functions of the acute angle θ are defined as follows. 

Name of Function Abbreviation Value at θθθθ 

cosecant csc csc
hyp

opp
θ =  

secant sec sec
hyp

adj
θ =  

cotangent cot cot
adj

opp
θ =  

The relationship of these trigonometric functions in a 

standard right angled triangle is shown below. 

1
csc

sin

c
A

a A
= =  

1
sec

cos

c
A

b A
= =  

1
cot

tan

b
A

a A
= =  

A 

B C a 

c 

b 

Figure 9.4 
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Example 1 Given the triangle below, find: 

a cot A   b csc B   

c sec A    d csc A           

Solution 

a 
3

cot
4

A =   b 
5

csc
3

B =         

c 
5

sec
3

A =     d 
5

csc
4

A =  

Graphs of y = csc x, y = sec x and y = cot x   

In Grade 10, you studied the graphs of the sine, cosine and tangent functions.  In this 

topic you will study the graphs of the remaining three trigonometric functions. 

G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  9999 .... 1111     
1 Determine the domain, range and period for the following 

three trigonometric functions and draw their graphs. 

  a siny x=    b cosy x=        c tany x=  

2 Based on your knowledge of trigonometric functions, fill in the following table. 

θ 0 
6

π
 

4

π
 

2

π
 π  

3

2

π
 2π 

csc θ        

sec θ        

cot θ        

3 Determine the domain of  

 a y = csc x  b y = sec x  c y = cot x 

4 You know that 1 sin 1x− ≤ ≤  for all x ∈R .  In short, sin 1;x ≤  what can you say 

about 
1

?
sin x

 

5 You also know that 
( )

1 1
csc .

sin 2 sin
x

x xπ
= =

+
  

  Are csc x, sec x and cot x periodic?  If your answer is yes, determine their periods. 

6 Discuss the symmetric properties of secant, cosecant and cotangent functions. 

From Group work 9.1, you should have determined the domain, range and period of the 
cosecant, secant and cotangent functions as follows. 

 

A 

B 

C 

4 

3 

5 

Figure 9.5 
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1 If ( ) cscf x x= , then { },
f

D x x k kπ= ∈ ≠ ∈:  �R Z   

Range = ] [( , 1 1, )−∞ − ∞∪  

Period, P = 2π 

2    If ( ) sec ,f x x=  then Df  = 
(2 1)

: ;
2

k
x x k

π+ 
∈ ≠ ∈ 

 
ℝ ℤ   

] [Range ( , 1 1, )= −∞ − ∞∪  

Period, P = 2π 

3 If ( ) cot ,f x x=  then Df  = { }: ,x x k kπ∈ ≠ ∈R Z   

Range = R  

Period, P π=  

You now want to draw the graph of  

 ( ) cscf x x=  

The domain of cosecant function is restricted, in order to have no division by zero.  By 

taking the reciprocals of non-zero ordinates on the graph of the sine function as shown 
in Figure 9.6, you obtain the graph of ( ) csc .f x x=  

The graph of cosecant function has vertical asymptotes at the point where the graph of 
the sine function crosses the x-axis. 

 

Figure 9.6 Graph of y = csc x 

Applying the same techniques as for the cosecant function, we can draw the graphs of 
secant and cotangent functions as follows. 

 

-2π   -π     π  2π 

1 

-1 

y 

x 
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Figure 9.7 Graph of y = sec x       Figure 9.8    Graph of y = cot x 

Exercise 9.1Exercise 9.1Exercise 9.1Exercise 9.1    

1 Determine each of the following values without the use of tables or calculators. 

a sec
4

π 
 
 

  b csc 
2

π 
− 
 

   c cot 
3

4

π− 
 
 

 

d sec 
3

π 
 
 

   e csc 
6

π 
− 
 

    f 
5

cot
6

π 
 
 

 

g 
2

sec
3

π 
 
 

  h 
7

csc
3

π 
 
     

i 
7π

cot
6

 
 
   

j
  

( )cot π−   k 
5

sec
2

π 
 
 

     l csc (3 )π  

2 Determine the largest interval [ ]I 0, 2π⊆  on which  

 a f (x) = csc x is increasing.   b f (x) = sec x is increasing.  

  c f (x) = cot x is increasing. 

3 Simplify each of the following expressions. 

  a sec x sin x   b tan x csc x   c 
tan

1
cos

x

x
+  

  d csc
2

x
π 

+ 
 

  e  sec
2

x
π 

− 
 

  f tan
2

x
π 

+ 
 

 

4 Find the range of y = −3sec x. 

5 Prove each of the following trigonometric identities. 

  a sec2
x – tan2

x = 1    b csc2
x – cot2x = 1 

 

-3π -2π   -π     π  2π   3π 

1 

-1 

y 

x 

  -π       0    π  2π 

y 

x 

2

π
−

             

2

π            3

2

π  
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9.2  INVERSE OF TRIGONOMETRIC FUNCTIONS 

You now need to define inverses of the trigonometric functions, starting with a brief 

review of the general concept of inverse functions. You first restate a few important 

facts about inverse functions.   

Facts about inverse functions 

For f a one-to-one function and f -1 its inverse:  

1 If (a, b) is an element of f, then (b, a) is an element of f -1, and conversely. 

2 Range f = Domain of f -1 

3 Domain of f = Range of f -1 

The graph of f -1 is obtained by reflecting the graph of f in the line y = x. 

 
Figure 9.9 

You know that a function f is invertible if it is one -to-one. All trigonometric functions are 

periodic; hence, each range value can be associated with infinitely many domain values. 

As a result, no trigonometric function is one-to-one. So without restricting the domains, 

no trigonometric function has an inverse function as shown in Figure 9.10 below. To 

resolve this problem, you restrict the domain of each function so that it is one-to-one over 

the restricted domain. Thus, for this restricted domain, the function is invertible.  

    

a Graph of y = sin x   b Graph of y = sin
-1

 x on domain = [−1, 1] 

          and range ( ,  )−∞ ∞  

Figure 9.10 

y 

x 

y = x 

f -1  

f  

-2π   -π     π  2π 

1 

-1 

y 

x 

 

1 

-1 

y 

x 

2π 

π 

- π 

- 2π 

−1 1 
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Inverse trigonometric functions are used in many applications and mathematical 

developments and they will be particularly useful to you when you solve trigonometric 
equations.  

AACCTTIIVVIITTYY  99..22  

1 Find some intervals on which the sine function is one-to-one. 

2 Draw the graph of f (x) = sin x when 
2 2

x
π π

− ≤ ≤  and reflect it in the line .y x=  

a Inverse sine function 

From Activity 9.2, you should have seen that the sine function is invertible on , .
2 2

π π 
− 
 

  

Now, you can define the inverse sine function as follows. 

   
a Graph of y = sin x   b Graph of y = sin

-1
 x 

Figure 9.11 

Definition 9.1  Inverse sine or Arcsine function  

The inverse sine or arcsine function, denoted by sin−1 or arcsin, is defined by  

sin−1
x = y or arcsin x = y, if and only if sin for

2 2
x y y

π π−
= ≤ ≤  

�  Remark:      

1 The inverse sine function is the function that assigns to each number x in [–1, 1] 

the unique number y in ,  
2 2

π π 
−  

 such that x = sin y.  

2 Domain of 1sin x
−

 is [−1, 1] and Range of 1sin x
− is ,  .

2 2

π π 
−  

 

3 From the definition, you have 

 sin (sin–1
 x) = x if −1 ≤ x ≤ 1          sin-1 (sin x)= x if 

2 2
x

π π
− ≤ ≤  

2

π  
2

π
−

 -2π   -π     π  2π 

1 

-1 

y 

x 
1 -1 

y 

x 
2

π  

- π 

π 

2

π
−
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 Calculator 
Tips 

�  Caution:     

sin–1 x is different from (sin x)–1 and sin x–1; 

1 11 1
(sin ) and sin sin

sin
x x

x x

− −  
= =  

 
 

Example 1   Calculate sin-1 
x for 

  a x = 0   b x = 1  c x = 
3

2
  d x = –1  

Solution  

a sin–1 (0) = 0 since sin 0 = 0 and 0∈ ,  
2 2

π π 
−  

 

b sin–1 (1) = 
2

π
 since sin  = 1

2

π 
 
 

 and  ,  
2 2 2

π π π 
∈ −  

 

c 1 3
sin  = 

2 3

π−
 
  
 

 since sin 
3

 =  and  ,  
3 2 3 2 2

π π π π 
∈ −  

 

d sin–1 (–1) = 
2

π
−  since sin   1 and  ,  

2 2 2 2

π π π π   
− = − − ∈ −      

 

Example 2 Compute cos 1 4
sin  

7
−  

  
  

. 

Solution    Let 1 4
sin

7
θ

−  
=  

 
. Then, 

4
sin

7
θ =  and drawing the reference triangle 

associated with θ, you have:  

33
cos

7
θ =  

where 33  is calculated using  Pythagoras’ theorem. 

Therefore, cos 1 4 33
sin  = cos  = 

7 7
−  

θ  
  

 

 

  

Read the user’s manual for your calculator and find the values to 
4 significant digits for 

1 arcsin (0. 0215) 

2 sin–1 (–0.137) 

3 tan (sin–1 (0.9415)) 
 

Figure 9.12  

θ 
A 

B 

C 

4 
7 

33
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b Inverse cosine function 

You know that cos x is not one-to-one. Note, however, that cos x decreases from             

1 to –1 in the interval [0, π]. Thus if y = cos x and x is restricted in the interval [0, π], 

then for every y in [–1, 1], there is a unique x such that cos x = y.  

   
a Graph of y = cos x   b Graph of y = cos

-1
 x 

Figure 9.13 

Use this restricted cosine function to define the inverse cosine function. Reflecting the 

graph of [ ]cos on 0,y x π=  in the line ,y x=  gives the graph of 1( ) cosf x x
−

=  as 

shown in Figures 9.13 and 9.14. 

 
Figure 9.14 

Definition 9.2 

The inverse cosine or arccosine function, denoted by cos-1 or arccos, is defined by 

 cos–1 x = y, if and only if x = cos y, for 0 ≤ y ≤ π. 

�  Remark:   

1 Domain of cos–1
x is [–1, 1] and Range of cos–1

x is [0, π]  

2 From the definition, you have  

   cos (cos–1
x) = x, if –1 ≤ x ≤ 1.    

    cos–1 (cos x) = x, if 0 ≤ x ≤ π. 

Example 3   Calculate y = cos–1 
x for 

  a x = 0   b x = 1   c x =
3

2
  d  x = −1 

Solution  

a cos–1 (0) =  
2

π
 since cos 0

2

π
=  and [ ] 0,  

2

π
π∈  

-2π   -π     π  2π 

1 

-1 

y 

x 1 -1 

y 

x 
2

π  

- π 

π 

2

π
−

 

π 

y= x 

1 

-1 

y 

x 
-π   π 1 -1 

y = cos x 

y = cos-1 x 
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 Calculator 
Tips 

b cos–1 (1) = 0 since cos 0 = 1 and 0∈ [0, π] 

c 1 3
cos  = 

2 6

π−
 
  
 

 since cos
3

 =  and  [0, ]
6 2 6

π π
π∈  

d cos–1 (–1) = π  since cos π = –1 and π ∈ [0,π ] 

Example 4 Compute tan (
1 1

cos  
4

−  
 
 

 

Solution Let θ = cos–1 1
,

4

 
 
 

 so that cos θ  = 
1

.
4

 

The opposite side is 2 24   1  = 15−   

Thus, tan 1 1 15
cos  = tan  =  = 15

4 1
θ

−  
  
                    

Figure 9.15 

Example 5 Show that 1 1cos ( ) cos .x xπ
− −

− = −  

Solution     Let 1cos .y xπ
−

= − Then, 1cos x yπ
−

= −  

⇒    cos( ) cosx y x yπ= − ⇒ = − ⇒ cosx y− =   

⇒  1 1cos ( ) cosx y xπ
− −

− = = −  

   

 Find to 4 significant digits  

1 arccos (0.5214)  

2 cos–1(–0.0103)  

3 sec (arccos (0.04235))  

Example 6 Compute 1 2
cos

2
−
 

−  
 

 

Solution    
1 12 2 3

cos cos
2 2 4 4

π
π π π

− −
   

− = − = − =      
   

 

c Inverse tangent function 

The function tan x is not one-to-one on its domain as it can be seen from its graph.  

To get a unique x for a given y, you restrict x to the interval ,  
2 2

π π 
− 
 

. 

θ 
A 

4 
15

B 

C 1 
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a Graph of y = tan x  b Graph of y = tan

–1
 x and  

range = {y ∈ℝ: y ≠ (2n – 1)
2

π
; n ∈ ℕ}. 

Figure 9.16 

Definition 9.3 

The inverse tangent function is a function denoted by tan–1
x or arctan x that assigns 

to each real number x the unique number y in ,  
2 2

π π 
− 
 

 such that x = tan y. 

 

Reflecting the graph of y = tan x in the line y = x gives the graph of 1( ) tan asf x x
−

=

shown in the Figures 9.16 and 9.17. 

     
a Graph of y = tan x   b Graph of y = tan

-1
 x 

Figure 9.17 

�  Remark: 

1 Domain of tan–1
x is (–∞, ∞) and Range of tan–1 x is ,

2 2

π π 
− 
 

 

  You stress that 
2

π
 is not in the range of tan–1

x because tan 
2

π
  is not defined.  

2 From the above definition, you have, 

   tan (tan–1 
x) = x for all real x      

   tan–1 (tan x) = x, if 
2 2

x
π π

− < <  

Example 7 Compute (in radians). 

a tan–1 (0)  
b tan–1

( )3   c tan –1 1

3

 
− 
 

 

 

-2π   -π     π 

y 

3

2

π
−  

2

π−  0 
2

π  3

2

π  

x 

 

2

π
 

2

π−
 

y 

x 

2

π

−     
2

π

 

y 

x 

 

2

π  

y 

x 

2

π

−
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Solution    

a     tan–1 (0) = 0 because tan (0) = 0 and 0∈ ,  
2 2

π π 
− 
 

 

b       tan–1 ( )3  = 
3

π
 because tan 3

3

π
=  and  ,  

3 2 2

π π π 
∈ − 

 
 

c    tan–1 
1 1

 because tan
6 63 3

π π 
− = − − = − 
 

 and  ,  
6 2 2

π π π 
− ∈ − 

 
 

Example 8 Express tan (sin–1 x) in terms of x. 

Solution    Here, you consider the following cases. 

i Suppose x = 0, then tan (sin –1 (0)) = tan 0 = 0. 

ii Suppose 0 < x < 1.  Let θ = sin–1 x, then sin θ = x and 
2 2

π π
θ

−
< <  

    Look at the reference triangle given. 

   Hence, tan 1

2
(sin ) tan

1

x
x

x

θ
−

= =

−

 

iii If −1 < x < 0, then tan (sin−1
x) = −tan(sin−1(−x))  

          ⇒ 1

2 2
tan (sin ( ))

1 1

x x
x

x x

− −
= − =

− −

  

1

2
tan (sin ( ))   for all ( 1,  1)

1

x
x x

x

−
∴ = ∈ −

−

 

Inverse cotangent, secant, and cosecant functions 

Here, the definitions of the inverse cotangent, secant and cosecant functions are given. 

Whereas drawing the graphs is given as exercise.  

Definition 9.4 

i The inverse cotangent function cot–1 or arccot is defined by  

  y = cot–1 
x, if and only if x = cot y  where 0 < y < π and −∞ < x < ∞. 

ii The inverse secant function sec–1 x or arcsec x is defined by 

        y = sec–1
x, if and only if x = sec y where 0 ≤ y  ≤ π, ,  1

2
y x

π
≠ ≥ . 

iii The inverse cosecant function csc–1 
x or arccsc x is defined by  

       y = csc–1
x, if and only if x = csc y where ,  0,  1

2 2
y y x

π π
− ≤ ≤ ≠ ≥ . 

Figure 9.18 

 
x  

θ  

1   

 x−
21  
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Example 9  Find the exact values of 

a    ( )
1cot 3−   b    1sec (2)−       c  1 2

csc
3

−  
− 
 

 

Solution   

a    ( )
1cot 3y

−
= cot 3 and 0y y π⇒ = < <  ⇒   

6
y

π
=  

b      1sec (2)
3

π−
=  because sec 2

3

π 
= 

 
 and 0

3 2

π π
< <  

c   
1 1 12 3 3

csc sin sin
2 2 33

π− − −
    

− = − = − = −             
 

Exercise 9.2Exercise 9.2Exercise 9.2Exercise 9.2    

1 Find the exact values of each of the following expressions without using a 

calculator or tables. 

 a 1 1
sin

2
−  

− 
 

   b 1cos (3)−
    c 1 3

tan
3

−
 
  
 

  

  d 1 2
csc

3

−  
− 
 

   e ( )
1sec 2−             f 1cot ( 1)−

−  

  g 1 12
cos sin

13
−  
  
  

  h 1sin sin
4

π−   
  
  

   i 1 5
sin sin

4

π−  
 
   

  j 
5

arccos cos
6

π  
  
  

 k 1 3
cos cos

2
−

  
    

    

l ( )1tan tan 3−  

 
m  

3
tan arcsin

2

  
    

    

n cos –1 tan
4

π −  
  
  

 

2 Express each of the following expressions in terms of x. 

 a y = sin (arctan x)  b y = cos (arcsin x)     c      y = tan (arccos x) 

3 Prove each of the following identities.  

a tan–1 (–x) = –tan–1 x b arcsec x = arccos 
1

x

 
 
 

for 1x ≥   

c sec –1
 x = sin–1 

1

x

 
 
 

 for 1x ≥  

4 Sketch the graph of:  

 a y = arccsc x  b y = arcsec x  c y = arccot x 

5 Let y = 3 + 2 arcsin (5x − 1). Express x in terms of y and determine the range of 

values of x and y. 
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9.3    GRAPHS OF SOME TRIGONOMETRIC 

FUNCTIONS 

In the previous section, the graphs of y = sin x and y = cos x have been discussed. In this 

section, you will consider graphs of the more general forms: 

  y = a sin (kx + b) + c and y = a cos (kx + b) + c  

These equations are important in both mathematics and related fields. They are used in the 

analysis of sound waves, x-rays, electric circuits, vibrations, spring-mass systems, etc.  

G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  9999 .... 2222     
1 For the following values of x, fill in a table for the given 

functions.  

x sin x 2 sin x cos x –3 cos x x
2

cos
3

 

0 0 0 1 −3 
2

3
 

6

π
 

1

2
 1 

3

2
 

3 3

2

−
 

3

3
 

4

π
      

. 

. 

. 

     

2π      

 Copy and complete the table for 

2 3 5 7 5 4 7 11
, , , , , , , , , , , , , 2

4 3 2 3 4 6 6 4 3 4 6
x

π π π π π π π π π π π π
π π= 0,

6
 

2 Using the above table, sketch the graphs of the following pairs of functions using 

the same coordinate axes. 

 a y = sin θ  and  y = 2 sinθ   b y = sin θ  and  y = 
1

2
 sin θ  

 c y = cos θ  and  y = –3 cos θ  d y = cos θ  and  y = 
2

3
 cos θ   
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3 For each of the following functions, find the ranges and periods. 

  a y  = 2 sin x     b   y  = 
1

2
 sin x  

 c   y = –3 cos x   d y  = 
2

3
 cos x  

4 Let a∈ ℝ ; express the range of y = a cos x in terms of a.  Here, a  is said to be 

the amplitude of a cos x. In general, if f is a periodic function, the amplitude of f is 
given by  

   a = .
2

Maximumvalue of f Minimumvalueof f−
 

Find the amplitudes of each of the following trigonometric functions. 

 a f (x) = sin x  b g (x) = – cos x c  h (x) = 0.25 sin x   

d k (x) = 4 tan x e s (x) = –6 cos x f f (x) = sin x  

From Group Work 9.2 you should have observed that the graph of y = a sin x can be 

obtained from the graph of y = sin x by multiplying each value of y on the graph of          
y = sin x by a.  

� The graph of y = a sin x still crosses the x-axis where the graph of y = sin x crosses 

the x-axis, because a × 0 = 0. 

� Since the maximum value of sin x is 1, the maximum value of a sin x is  

   a × 1 = a. The constant a, the amplitude    of the graph of y = a sin x, 
indicates the maximum deviation of the graph of y = a sin x from the x-axis.  

� The period of y = a sin x is also 2π, since a sin (x + 2π) = a sin x.  

Example 1  Draw the graphs of y = sin x, y = 
1

2
sin x and y = –2 sin x, on the same 

coordinate system for 0 ≤ x  ≤ 2π. 

Solution  The amplitudes of y = 
1

2
sin x and 

2siny x= −  are 
1

2
 and 2, respectively, 

and the amplitude of sin x is 1. The 

negative sign in 2 siny x= −  reflects 

the graph of y = 2 sin x across the       

x-axis. Together with the results from 

Group Work 9.2, this gives you the 

graphs of all the three functions as 

shown in Figure 9.19a.  

x 

y 

1 

2 

3 

π 2π 

2siny x= −  

siny x=  1
sin

2
y x=  

−1 

−2 

−3 

−4 

4 

Figure 9.19 a 
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In general, for any function f, the graph of af is drawn by expanding or compressing the 

graph of f in the vertical direction and by reflecting in the x-axis when a < 0. For a ≠ ± 1, the 

amplitude of af is different from that of f, whereas the period doesn’t change. 

Similarly, the graphs of y = 
1

3
cos x, y = –3 cos x,  y = cos x, 0 ≤ x ≤ 2 .π  are as shown in 

Figure 9.19b.  

 
Figure 9.19b 

9.3.1  The Graph of f (x) = sin kx, k > 0 

G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  G r o u p  W o r k  9999 .... 3333  

1 Fill in the values of the following functions for the values 
of x given below. 

x 2x 
1

2
x  sin (x) sin (2x) sin 

1

2
x

 
 
 

 

0      

4

π
 

2

π
 

8

π
 2

2
 1  

2

π
      

. 

. 

. 
     

2π      

 Copy and complete the table for 

    
3 5 3 7

0, , , , , , , , 2
4 2 4 4 2 4

x
π π π π π π

π π= . 

2 Find the maximum and minimum values of  

 a f (x) = sin (2x)  b g (x) = sin 
1

2
x

 
 
 

 

3 Using the values in the table above, draw the graph of  

 a f (x) = sin (2x)  b g (x) = sin 
1

2
x

 
 
 

 

x 

y 

1 

2 

3 

π 2π 

3cosy x= −

cosy x=

1
cos

3
y x=  

−1 

−2 

−3 

4 
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From Group work 9.3, it can be observed that  

� the function f (x) = sin (2x) covers one complete cycle on the interval [0,π], but 

1
( ) sin

2
g x x

 
=  

 
 covers exactly half of one cycle on the interval [0, 2π].  

� both functions are periodic and the shape of their graphs is a sine wave. 

You can sketch the graphs of f (x) = sin(2x) and g  (x) = sin
1

2
x

 
 
 

 based on these 

properties and some other strategic points such as the x and y-intercepts and the values 

of x which give minimum value or maximum value. Thus, for 0 ≤ x ≤ 2π,   

•••• sin (2x) = 0, ⇒  2x = 0, π, 2π  ⇒  x = 0, ,
2

π
π  

⇒  The graph crosses the x-axis at (0, 0), , 0
2

π 
 
 

 and (π, 0). 

•••• sin (2x) = 1 ⇒ 2x = 
2

π
 ⇒  x = 

4

π
 

⇒  The function attains its maximum value at x = 
4

π
 

•••• 
3 3

sin 2 1 2
2 4

x x x
π π

= − ⇒ = ⇒ =  

⇒  The function attains its minimum value at 
3

4
x

π
=  

From all these, you have the following sketch of the curve of f (x) = sin (2x) drawn 

together with y = sin x. 

 

Figure 9.20 

�Note: 

  The period of y = sin (2x) is π.  It has two complete cycles on [0, 2π]. 

x 

y 

1 

2 

3 

π 2π 

siny x=  

−1 

−2 

−3 
sin 2y x=  



Unit 9 Further on Trigonometric Functions 

365 

Similarly, for 0 ≤ x ≤ 4π, 

•••• sin 
1 1

0 0, , 2
2 2

x x π π
 

= ⇒ = 
 

 

⇒  x = 0, 2π, 4π 

⇒  The graph of f(x) = sin 
1

2
x

 
 
 

 crosses the x-axis at (0, 0), (2π, 0) and (4π, 0). 

•••• sin
1 1

1
2 2 2

x x x
π

π
 

= ⇒ = ⇒ = 
 

. 

⇒  The graph has a peak at (π , 1) 

•••• sin 
1 1 3

1 3
2 2 2

x x xπ π
 

= − ⇒ = ⇒ = 
 

 

⇒  The graph has a valley at (3π, –1) 

Based on the above facts, draw the graphs of f (x) = sin 
1

2
x

 
 
 

 and y = sin x as follows 

 
Figure 9.21 

Now investigate the effect of k by comparing  

   y = sin x  and  y = sin (kx), k > 0   

where both have the same amplitude, 1. Since y = sin x has period 2π, it follows that       

y = sin (kx) completes one cycle as kx varies from kx = 0 to kx = 2π or as x varies from  

x = 0 to x = 
2

k

π
.  

Thus, the period of y = sin (k x) is 
2

.
k

π
 

A similar investigation shows that the period of y = cos (kx) is 
2

k

π
. 

If k < 0, remove the negative sign from inside the function by using the identities: 

 sin (–x) = −sin x and cos (–x) = cos x. 

In the case k < 0, the period of y = sin (k x) and y = cos (k x) is 
2

.
k

π
 

x 

y 

1 

2 

3 

π 2π 

1
sin

2
y x=  siny x=  

−1 

−

3π 4π 
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Graphs of y = a sin (kx) and y = a cos (kx) 

All the above discussions may lead you to the following  procedures of drawing graphs. 

PPPProcedurerocedurerocedureroceduressss    for drawing gfor drawing gfor drawing gfor drawing graphraphraphraphssss    

Step 1: Determine the period 
2

P
k

π
=  and the amplitude a . 

Step 2:   Divide the interval [0, P] along the x-axis into four equal parts: 

  x = 0,  
3

, , ,
4 2 4

P P P
P  

Step 3:  Draw the graph of the points corresponding to x =
3

0, , , ,
4 2 4

P P P
P . 

x 0 
4

P
 

2

P
 

3

4

P
 P 

a sin (kx) 0 a 0 –a 0 

a cos (kx) a 0 –a 0 a 
 

Step 4:   Connect the points found in Step 3 by a sine wave. 

Step 5:    Repeat this one cycle of the curve as required. 

Example 2  Draw the graph of y = 2 sin (3x). 

Solution  

Step 1: The period P = 
2

3

π
 and the amplitude a = 2. 

Step 2: The curve completes one cycle on the interval
2

0,
3

 
  

π
. 

Divide 
2

0,
3

 
  

π
 into four equal parts by  

3 2
0, , , ,

4 6 2 3 4 2 3
= = = = =

P P P
x P

π π π π
 

Step 3: 

x 0 
6

π
 

3

π
 

2

π
 

2

3

π
 

2 sin (3x) 0 2 0 –2 0 
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Step 4:    Connect the points found in Step 3 by a sine wave.  

 

Figure 9.22 

Example 3   Draw the graph of f(x) = –3cos 
2

3
x

 
 
 

 

Solution  

Step 1:   Period, P = 
2

3
2

3

π
π=

 
 
 

 and amplitude, 3 3= − =a  

Step 2:    Divide [0, 3π] into four equal parts by 

      
3 3 3 9

0, , , , 3
4 4 2 2 4 4

P P P
x P

π π π
π= = = = =  

Step 3: 

x 0 
3

4

π
 

3

2

π
 

9

4

π
 3π 

–3 cos 
2

3
x

 
 
 

 –3 0 3 0 –3 

Step 4: 

 

Figure 9.23 

x 

y 

1 

2 

3 

π 

2sin 3y x=  

−1 

−2 

−π 

2
3cos

3
y x= −

x 

y 

1 

2 

3 

π 2π 
−1 

−2 

−3 

−4 

4 

3π 
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Exercise 9.Exercise 9.Exercise 9.Exercise 9.3333    

1 Draw the graph of each of the following functions. 

 a ( ) 4sinf x x=      b ( ) 2 cosf x x= −     

c 
2

( ) sin
3

f x x=            d 
1

( ) cos
4

f x x=     

2 Draw the graph of each of the following trigonometric functions for one cycle. 

Indicate the amplitude and the period. 

         a  ( ) sin (4 )f x x=    b  
1

( ) 2 sin
3

f x x
 

= −  
 

    

 c  ( )
2

( ) cos 2
3

f x x=           d 
2

( ) 5 sin
3

f x x
 

= − 
 

 

e 
1

( ) 4 cos
4

f x x
 

=  
 

  f 
1 3

( ) cos
2 2

f x x
 

= − 
 

 

9.3.2  Graphs of f (x) = a sin (kx + b) + c and  

f (x) = a cos(kx + b)+c 

You have already sketched graphs of f (x) = a sin (kx) and f (x) = a cos (kx).  

Here you are investigating the geometric effect of the constants b and c in drawing the 

graph of the functions.   

Consider the function y = a sin (k x + b) + c 

  ⇒  y – c = a sin 
b

k x
k

  
+  

  
 

This is simply the function y = a sin (k x) after it has been shifted 
b

k
−  units in the  

x-direction and c units in the y-direction.  

In particular, it is shifted to the positive x-direction if 
b

k
< 0 and to the negative             

x-direction if 0.
b

k
>   Also, it is shifted to the positive y-direction if c > 0 and to the 

negative y-direction if c < 0. For example, if you want to draw the graph of 

y = 3sin 2 2,
3

x
π 

− − 
 

rewrite the equation in the form 

  y + 2 = 3 sin 2
6

x
π  

−  
  
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Thus, the graph of this function is obtained by shifting the graph of y = 3 sin (2x) in the 

positive x-direction by 
6

π
 units and 2 units in the negative y-direction as shown in 

Figure 9.22. 
 

 
Figure 9.24 

The following activity introduces a simplified procedure of drawing graphs. 

AACCTTIIVVIITTYY  99..33  

1 If 3x + 5 varies from 0 to 2π, i.e., 0 3 5 2 ,x π≤ + ≤ then, 

 5 3 2 5x π− ≤ ≤ −  ⇒  
5 2 5

3 3 3
x

π
− ≤ ≤ − ; i.e. x varies from 

5

3

−
 to 

2 5

3 3

π
−  

  Based on this example, find the intervals on which x-varies, if each of the 

following expressions varies from 0 to 2π.    

 a 2 1x +  b 3 1x −  c 2
3

x
π

−  d 
2

x
π

π +  

2 Find those values of x that divide the given interval into four equal parts. 

 a [ ]0, 2π    b 
1 1

,
4 2 4

π 
+  

  

3 Fill in the following table 

x 
1

4
 

1

4 8

π
+  

1

4 4

π
+  

1 3

4 8

π
+  

1

4 2

π
+  

3 sin (4x – 1)      

3 cos (4x – 1)      
 

3sin 2y x=  

3sin 2 2
3

y x
π 

= − − 
 

 -5

-4

-3

-2

-1

1

2

3

3

2

π  π  
2

π  2π  
x 

y 
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From Activity 9.3, you have the following properties. 

1 If kx + b varies from 0 to 2π, i.e., 0 ≤ kx + b ≤ 2π, then,  

  –b ≤ kx ≤ –b + 2π ⇒ 
2b b

x
k k k

π− −
≤ ≤ +  (k > 0) 

  so that x varies from 
2

 to 
b b

k k k

π− −
+   

  Therefore, f (x) = sin (kx + b) generates one cycle of sine wave as kx + b varies 

from 0 to 2π, or as x varies over the interval 
2

,
b b

k k k

π− − 
+  

. 

2 The graph “starts” at x = 
b

k
−  which is said to be the phase shift because the phase 

of the basic wave is shifted by a factor of b. 

FurthermoreFurthermoreFurthermoreFurthermore,,,,    youyouyouyou    have the followinghave the followinghave the followinghave the following    procedureprocedureprocedureproceduressss    forforforfor    drawing graphsdrawing graphsdrawing graphsdrawing graphs::::            

Assume that k > 0. (If k < 0, use the symmetric properties of sine and cosine). 

Step 1: Determine the period, 
2

,P
k

π
=  the amplitude = a  and phase shift =

b

k
−  

Step 2:   Divide the interval 
2

,
b b

k k k

π− − 
+  

 along the x-axis into four equal parts.   

The length of each interval will be .
2k

π
 Why?  Explain! 

  The dividing values of x are: 

  ,
b

x
k

−
=  

2

b
x

k k

π−
= + ,  

b
x

k k

π
= − + , 

3

2

b
x

k k

π−
= +  and 

2b
x

k k

π−
= +  

Step 3:    Draw the graph of the points corresponding to those values of x. 
 

x b

k
−  

2

b

k k

π−
+  

b

k k

π−
+  

3

2

b

k k

π−
+  

2b

k k

π−
+  

a sin (kx + b) 0 a 0 – a 0 

a cos (kx + b) a 0 – a 0 a 
  

Step 4:   Connect the points found in Step 3 by a sine wave. 

Step 5: Repeat this portion of the graph indefinitely to the left and to the right   

every 
2

k
π units on the x-axis. 
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Example 4   Draw the graph of
1

( ) 3sin 1
2 3

f x x
π 

= − + 
 

. 

Solution  First draw the graph of y = 3 sin 
1

2 3
x

π 
− 

 
 and then shift it in the 

positive y-direction by 1 unit. 

Step 1: The period, 
2

4
1

2

P
π

π= =
 
 
 

 

                   Amplitude, 3a =  

  Phase shift, 
23

1 3
2

b

k

π

π−
= =   

Step 2: 
2 2 2 2 14

, , 4 , .
3 3 3 3

b b

k k k

π π π π π
π

− −     
+ = + =          

 

The graph completes full cycle on 
2 14

, .
3 3

π π 
  

  

Divide 
2 14

,
3 3

π π 
  

  into four equal parts by 
2 5 8 11 14

, , , ,
3 3 3 3 3

x
π π π π π

=   

Step 3: 

x 
2

3

π
 

5

3

π
 

8

3

π
 

11

3

π
 

14

3

π
 

3 sin 
1

2 3
x

π 
− 

 
 0 3 0 –3 0 

  

Step 4, 5: 

 

Figure 9.25 

2

3

π  

-3

-2

-1

1

2

3

4

5

3

π  8

3

π  11

3

π  14

3

π  

y 

x 

1
3sin

2 3
y x

π 
= − 

 
 

1
3sin 1

2 3
y x

π 
= − + 

 
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Example 5   Draw the graph of ( ) 5 cos (3 2) 2f x x= − + − . 

Solution      First draw the graph of y = –5 cos (3x + 2) and then shift it in the 

negative y-direction by 2 units. 

Step 1:    Period,
2

3
P

π
= , amplitude, 5 5.a = − =  

     Phase shift = 
2

3

−
, phase angle = –2  

Step 2:  Divide the interval
2 2 2

,
3 3 3

π
− 

−  
into four equal intervals of length .

6

π
 

Step 3: 

x 
2

3
−  

2

3 6

π−
+  

2

3 3

π−
+  

2

3 2

π−
+  

2 2

3 3

π
− +  

–5 cos (3x + 2) –5 0 5 0 –5 

–5 cos (3x + 2) –2 –7 –2 3 –2 –7 

Step 4, 5 

 

Figure 9.26 

Example 6 Graph 
1

( ) cos
2 2 2

f x x
π π 

= + 
 

 for one cycle. 

( )5cos 3 2 2y x= − + −  

−1 

−2 

−3 

−4 

−5 

−6 

−7 

( )5cos 3 2y x= − +  

1 

2 

3 

4 

5 

6 

7 

x 

y 

−π π 2π  
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Solution  As 
2 2

x
π π

+  varies from 0 to 2π, x-varies from –1 to 3. 

The graph completes one full cycle on the interval [−1, 3] 

 x = −1, 0, 1, 2, 3 divides [−1, 3] into four equal parts. 

Using the following table, sketch the graph for one cycle. 

x –1 0 1 2 3 

1
cos

2 2 2
x

π π 
+ 

 
 

1

2
 0 

1

2
−  0 

1

2
 

Step 4, 5 

 

Figure 9.27 

Exercise 9.Exercise 9.Exercise 9.Exercise 9.4444    

Draw the graphs of each of the following trigonometric functions for one cycle.  

Indicate the amplitude, period, and phase shift. 

  1 
1

( ) sin (2 1)
2

f x x= − −    2 
1

( ) cos (3 2)
2

f x x= +   

3 
1

( ) 3 sin 3 2
2

f x x
 

= + − 
 

   4 ( ) sin  ( ) 3f x xπ= +  

         5       ( ) 2 cos (2 )f x x π= −    6 ( ) 3 2cos
2

x
f x

 
= −  

 
 

  7 
3 3

( ) sin 3
2 4

f x x
π 

= − + 
 

  8 
1 3

( ) 2 cos
2 2 4

f x x
π π 

= − + 
 

 

1 

−1 

x 

1
( ) cos

2 2 2
f x x

π π 
= + 

 
 

y 

−1 1 2 3 0 
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9.3.3  Applications of Graphs in Solving 

Trigonometric Equations 

General solutions of  trigonometric equations 

If you draw the graph of y = sin x and the line 
1

=
2

y  in the same coordinate system and 

for 0 ≤  x ≤  2π , they meet at two particular points, 
6

x
π

=  and 
5

.
6

x
π

=  

But you know that the line
1

2
y =  crosses the graph of f (x) = sin x infinitely many times 

as shown in the figure below. 

 

Figure 9.28 

In this section, you will determine all those infinite points in terms of the particular 

points, the period 2π of the sine function and an integer n.  

AACCTTIIVVIITTYY  99..44 

1 Draw the graphs of f (x) = tan x and the line y = 1 using the 
same coordinate system. Using the graphs  

a      determine the particular solution in the range   <  < 
2 2

x
π π−

 that satisfies  

the   equation tan x =1. 

b   find the general solution of the equation tan x = 1. 

c   if x1 is a particular solution of the equation tan x = t in the range ,
2 2

x
π π

− < <  

determine  the general  solution in terms of x1 and π . 

� �

-1

-0.5 

0.5

1

2π−

2

π
−  π−  

6

π  
2

π  5

6

π  2π  π  3

2

π  
x 

y 

siny x=

1

2
y =
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2 Draw the graphs of 
1

2
y =  and y = cos x using the same coordinate system. 

Determine a particular solution of the equation cos
1

 = 
2

x

 
in the range .xπ π− ≤ ≤    

3 Determine the general solution of cos
1

 = 
2

x  using the particular solutions, n and 2π . 

From Activity 9.4 it is clear that the general solution for a trigonometric equation is 

expressed in terms of the particular solutions, the period and n. The following are the 

techniques of finding the general solution of some trigonometric equations.  

I  tan x = t; t ∈ℝ. 

The period of tangent function is π. 

If x1 is the particular solution in the range  <  < 
2 2

x
π π−

, then the general solution 

set is { }1x nπ+ . 

Example 7   Solve tan
1

 
3

x = − . 

Solution: 1 . .
6 6

x S S n
π π

π
 

= − ⇒ = − + 
 

 

II cos x = b; 1.b ≤  If x1 is a particular solution in the range     xπ π− ≤ ≤ , 

then –x1 is  a particular solution in the same range. 

  { }1 S.S = 2   .n xπ⇒ ±  

Example 8   Solve cos  .x
3

= −
2

 

Solution: 1

5 5
. . 2

6 6
x S S n

π π
π

 
= ⇒ = ± 

 
   

III  sin x = b,    1b ≤  

If b = 0, then sin x = 0 . . { },S S nπ⇒ =  

     sin x = 1    S.S  =  + 2
2

n
π

π
 

⇒  
 

 

     sin x = –1  S.S =   2
2

n
π

π
 

⇒ − + 
 
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Suppose 0 < b < 1. As it is done in the activity, the line y = b crosses the graph of 

y = sin x at exactly two points in the interval [ ]0, 2 .π  

If x1 and x2  are the particular solutions, then the general solution set is  

{ }1 2  2 ,    2x n x nπ π+ + . 

Example 9   Solve sin x = 
2

2
. 

Solution: You know that sin 
2 3 2

 and sin
4 2 4 2

π π
= = . 

3
. . 2 , 2 .

4 4
S S n n

π π
π π

 
⇒ = + + 

 
 

�Note: 

sin x1 = sin 1 2

3
( )   .

4 4
x x

π
π π π− ⇒ = − =  Also, if x1 is a particular solution in the interval 

[ ]0, 2π , then the general solution set of the equation sin ,  1x b b= ≤  is ( ){ }11 .
n

x nπ− +  

Example 10 Solve sin (4x) = 
1

2
− .    

Solution: Notice that the line 
1

2
y = −  crosses the graph of y = sin (4x) twice in the 

interval 0,
2

π 
 
 

. 

sin(4x) = 
1

2
−

1
sin( 4 )

2
x⇒ − = 1 2

5
4 , 4

6 6
x x

π π
⇒ − = − =  

 
1 2

5
,

24 24
x x

π π
⇒ = − = −  

Thus, the particular solutions in the interval 0,
2

π 
  

are   

11 5 7
,

24 2 24 24 2 24

π π π π π π
− + = − + =

 

11 7
S.S =   ,    

24 2 24 2

n nπ π π π 
⇒ + + 

 
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Exercise 9.Exercise 9.Exercise 9.Exercise 9.5555    

1 Find the general solution set for each of the following trigonometric equations.  

  a    sin 
1

2
x = −     b   cos 

3

2
x =     c   tan 3x =  

  d   2 cos2 x + 3 sin x = 0  e cos 2x + sin2 x = 0 f        sin (6x) =
3

2
 

2 Solve sin2 x – sin x cos x = 0 over [0, 2π] 

3 Find the general solution sets for each of the following trigonometric equations on 

the given intervals. 

a cos x = 
3

2
and tan x =

3

3
−  on [0, 2π]. 

b cos 
1

2
3 2

x
π 

− = 
 

 on [−6π, 6π]. 

c sec 
3

2
2 3

x
π 

− = 
 

and cot x < 0 on [0, 2π]. 

d 2 sin2  x + cos2 x − 1 = 0 on [0, 2π]. 

9.4     APPLICATION OF TRIGONOMETRIC 

FUNCTIONS 

In this topic, you study some of the applications of trigonometric functions to geometry, 

science, navigation, wave motions and optics. The laws of sines, and cosines, the double 

angle and half angle formulas are included in this topic.  

Many applied problems can be solved by using right-angle triangle trigonometry. You 

will see a number of illustrations of this fact in this section.  

9.4.1  Solving Triangles 

In the applications of trigonometry that you consider in this section, it is necessary to find 

all sides and angles of a right-angled triangle. To solve a triangle means to find the 

lengths of all its sides and the measures of all its angles. First solve a right-angled triangle.  

Example 1 Solve the right-angled triangle shown below for all unknown sides and 

angles. 
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Solution Because C = 90o, it follows that A + B = 90o, and B = 55.8o. 

To solve for a, use the fact that  

  tan A =  = 
opp a

adj b
 which implies  

a = b tan A  

So, a = 19.4× tan 34.2o ≈  13.18.  

Similarly, to solve for c, use the fact that  

  cos A =   = 
adj b

hyp c
 which implies  

c = 
19.4

   23.46
cos  cos  34.2o

b

A
= ≈  

In many situations, trigonometric functions can be used to determine a distance that is 

difficult to measure directly. Two such cases are illustrated below.   

a 

 

Figure 9.30 

b 

 

Figure 9.31 

Each angle is formed by two lines: a horizontal line and a line of sight. If the angle is 

measured upward from the horizontal, as in a, then the angle is called an angle of 

elevation. If it is measured downward as in b, it is called an angle of depression.  

Example 2 A surveyor is standing 50 m from the base of a large tree, as shown 

below. The surveyor measures the angle of elevation to the top of the tree 

as 15o. How tall is the tree if the surveyor is 1.72 m tall? 

Horizontal line  

θ  = angle of elevation 

Line of sight  

Horizontal line   
   θ = angle of depression  

Line of sight  

 
Figure 9.29 

A 

B 

C 
b =19.4 

34.2o 

a 
c 
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Figure 9.32 

Solution   The information given suggests the use of the tangent function. 

Let the height of the tree be h metres. Then, 

 
( )1.72

tan15
50

o
h −

=  

( )1.72
0.268

50

h −
≈  

⇒ h = (50 (0.2679) + 1.72) m 

⇒ h = 15.115 m 

Thus, the tree is about 15 m tall. 

Example 3   A woman standing on top of a cliff spots a boat in the sea, as given in 

Figure 9.33. If the top of the cliff is 70 m above the water level, her eye 

level is 1.6 m above the top of the cliff and if the angle of depression is 

30o, how far is the boat from a point at sea level that is directly below the 
observer? 

 

Figure 9.33 

 

70m 

1.6m30
o 

50 m

1.72 m 

15
o 

h 
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Solution   In the figure, the observer's eyes are 71.6 m above the water level. Using 
triangle BCD, compute 

  tan 30o = 
BD 1 71.6m

=
DC DC3

⇒  

⇒ DC = 71.6 3 m  

∴ The boat is 71.6 3 m far away from the bottom of the cliff.  
Example 4  In order to measure the height of a hill, a surveyor takes two sightings 

from a transit 1.5m high. The sightings are taken 1000m apart from the 

same ground elevation. The first measured angle of elevation is 51o, and 
the second is 29o. To the nearest metre, what is the height of the hill 
(above ground level)? 

Solution   First draw the figure and label the known parts. (See Figure 9.34) 

 
Figure 9.34 

The height of the hill is AB + 1.5 m = h  

But, o otan 51 and tan 29
1000

AB AB

x x
= =

+
 

 o otan 51  and ( 1000) tan 29AB x AB x= = +  

 1.235 ( 1000)(0.5543) (0.5543 554.3)AB x and AB x x= = + = +   

Equating the two expressions for AB, you have  

 1.235x = 0.5543x + 554.3 ⇒ x ≈ 814.31 

Thus, AB = 1.235 × 814.31 ≈ 1005.67 and hence h = AB + 1.5 m ≈ 1007 m.  

 

   

   

    

    

A  

B 

C  D 

1000 m  x   

29
o

  51
o

 

1.5 m  

h  
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The trigonometric functions can also be used to solve triangles that are not right-angled 

triangles. Such triangles are called oblique triangles. Any triangle, right or oblique, can 

be solved if at least one side and any other two measures are known. The following are 

the different possible conditions.    

1 AAS: Two angles of a triangle and a side 

opposite to one of them are known.  a 

 

2 ASA: Two angles of a triangle and the included 

side are known.  b 

 

3 SSA: Two sides of a triangle and an angle 

opposite to one of them are known (In this case, 

there may be no solution, one solution, or two 

solutions. The latter is known as the ambiguous 
case) 

c 

 

4 SAS: Two sides of a triangle and the included 

angle are known.  
d 

 

5 SSS: All three sides of the triangle are known.  

e 

 

Figure 9.35 

In order to solve oblique triangles, you need the law of sines and the law of cosines. 

The law of sines applies to the first three situations listed above. The law of cosines 

applies to the last two situations.   

The law of sines  

In any triangle ABC,  

 
sin sin sin

a b c

A B C
= =  

                                                                               Figure 9.36                                                                         

�Note: 

  In any triangle, the sides are proportional to the sine of the opposite angles.  

 

100o 25o 

224 

 

31o 51o 

37.5 

 

38.5 

115.7o 

20.25 

 

58o 

19.05 

82.14 

210 

172 

75 

 

C 

B 

A b 

c a 
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Example 5  In ∆EFG, FG = 4.56, m (∠E) = 43o, and m(∠G) = 57o. Solve the triangle. 

Solution    First draw the triangle and label the known parts. You know three of the 

six measures. 

    ∠E = 43o   e = 4.56  ∠G = 57o 

∠F =?   f =?    g =?  

From the figure,  you have the AAS situation.  

You begin by finding m(∠F).  

   m(∠F) = 180o − (43o + 57o) = 80o 

 You can now find the other two sides, using the law of sines:  

    
sin sin  

f e

F E
=  ⇒ 

o o

4.56
 = 

sin80 sin 43

f
  

      ⇒ f ≅  6.58 

Also,   
sin  sin  

g e

G E
=  ⇒  

o o

4.56
 = 

sin  57 sin 43

g
 

            ⇒ g ≅  5.61   

 Thus, you have solved the triangle:  

  ∠E = 43o  e = 4.56,  

  ∠F = 80o f ≅  6.58  

  ∠G = 57o g = 5.61  

Example 6 In ∆QRS, q = 15, r = 28 and ∠Q = 43.6o. Solve the triangle. 

Solution Draw the triangle and list the known measures: 

       ∠Q = 43.6o  q = 15  

       ∠R = ?   r = 28  

       ∠S = ?   s = ? 
 

Figure 9.38   

You have the SSA situation and use the law of sines to find R:  

   =
sin sin  

q r

Q R
 ⇒ 

o

15 28
 = 

sin 43.6 sin R
 

  ⇒ sin R ≅  1.2873. 

Since there is no angle with a sine greater than 1, there is no solution.  

 

43.6
o 

S
 

q
 

r
 

Q
 

R
 

s
 

E 

4.56 

F 

G 

g 

57o 

f 

43o 

e 

Figure 9.37 
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The law of cosines  

In any triangle ABC,  

 a
2 = b2 + c2 – 2bc cos A 

 b
2 = a2 + c2 – 2ac cos B  

     c
2 = a2 + b2 – 2ab cos C              Figure 9.39 

�  Remark:   

  When the included angle is 90o, the law of cosines is reduced to the Pythagorean 

Theorem.  

Example 7 Solve ∆ABC, if a = 32, c = 48 and ∠B = 125.2o 

Solution   You first label a triangle with the known and unknown measures. 

∠A =?            a = 32 

∠B = 125.2o   b =? 

∠C =?    c = 48 

Figure 9.40 

You can find the third side using the law of cosines, as follows:  

      b2 = a
2 + c2 – 2ac cos B   

  ⇒ b2 = 322 + 482 – 2(32) (48) cos 125.2o 

  ⇒ b2 ≅  5089.8 

  ⇒  b ≅ 71.34 

You now have a = 32, b ≅  71.34 and c = 48, and you need to find the measures of 

the other two angles.  At this point, you can find them in two ways, either using 

the law of sines or the law of cosines. The advantage of using the law of cosines is 

that if you solve for the cosine and find that its value is negative, then you know 

that the angle is obtuse. If the value of the cosine is positive, then the angle is 

acute. Thus you use the law of cosines:  

To find angle A, you use   

  a
2 = b2 + c2 – 2bc cos A 

  322 = (71.34)2 + 482 – 2(71.34)(48) cos A  

       ∠A ≈ 21.55o  

The third is now easy to find:  

  ∠C ≈ 180o – (125.2o + 21.55o) ≈ 33.25o 

A 

C 

b 

c 
B 

a 

b 

C 

A 

B 48 
125.2o 32 



Mathematics Grade 11  

384 

9.4.2    Trigonometric Formulae for the Sum and 

Differences 

In grade 10, you have seen the fundamental trigonometric identities for a single variable. In 

this topic, you have trigonometric identities involving the sum or difference of two 

variables. 

For example, using your knowledge of the trigonometric values of 30o and 45o, you will 

then be able to determine the trigonometric values of 30o + 45o = 75o and 45o – 30o = 15o. 

Theorem 9.1   Sum and Difference Formulae 

1 Sine of the Sum and the Difference 

� sin (x + y) = sin x cos y + cos x sin y 

� sin (x – y) = sin x cos y – cos x sin y  

2 Cosine of the Sum and Difference 

� cos (x + y) = cos x cos y – sin x sin y  

� cos (x – y) = cos x cos y + sin x sin y 

3 Tangent of the Sum and Difference  

� tan (x + y) =  
x y

x y−

tan +tan

1 tan tan
 

� tan (x – y) =  
x y

x y

−tan tan

1+tan tan
 

Example 8   Find the exact values of sin 75o and sin 15o. 

Solution       sin 75o   = sin (30o + 45o) = sin 30o cos 45o + cos 30o sin 45o 

            =  
1 2 3 2

2 2 2 2
× + ×  =  

2 6

4

+
 

                         sin 15o =  sin ( )
o o45 30−  =  o o o osin 45 cos 30 cos 45 sin 30−  

           =  
2 3 2 1

2 2 2 2
× − ×

 
= ( )

2
3 1

4
−  

Example 9    Find the exact value of cos 105o. 

Solution    cos 105o = cos (60o + 45o) = cos 60 cos 45o – sin 60 sin 45o 

                  = 
1 2 3 2

2 2 2 2
× − ×  =  ( )

2
1 3

4
−  
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Example 10   Find the exact values of 

a tan 150o                                             
b       tan195o 

Solution  

a  tan 150o = tan (180o – 30o) 

= 
o o

o o

1
0

tan180 tan 30 13
11 tan180 tan 30 31 0
3

−
−

= = −
+ ×

+ ×

 

b tan 195o = tan (150o + 45o) = 
o o

o o

tan150 tan 45

1 tan150 tan 45

+

− ×
 

=  

1
1

3
1

1 1
3

− +

 
− − × 
 

 = 2 – 3  

Theorem 9.2 Double Angle and Half Angle Formulas 

1 Double Angle Formula. 

� sin (2x) = 2 sin x cos x  

� cos (2x) = cos2 x – sin2 x 

� tan (2x) = 
x

x−
2

2tan

1 tan
 

2 Half Angle Formula 

� cos2 
1 cos 1 + cos 

;    cos  =  
2 2 2 2

x x x x+   
= ±   

   
 

� sin2 
1 cos 1 cos 

;   sin  =  
2 2 2 2

x x x x− −   
= ±   

   
 

� tan2 
2

x 
 
 

 = 
1 cos

1 cos

x

x

−

+
 for cos x ≠ –1;  

               
1  cos sin 1  cos 

tan  =   =  = 
2 1 + cos 1 + cos sin 

x x x x

x x x

− − 
± 

   

       The sign is determined by the quadrant that contains .
2

x
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�Note: 

 i  cos (2x) = cos2
 x – sin2

 x    ii   cos (2x) = cos2
 x – sin2

 x 

                 = cos2
x – (1 – cos2

x)          = (1 – sin2
x) – sin2

x 

     giving  cos (2x) = 2 cos2
 x – 1          giving cos (2x) = 1 –2 sin2

 x  

Example11   Find the exact values of 

a  sin 
8

π
  b cos 15o  c tan 

8

π
 

Solution   

a     sin2 

2
1 cos 1

2 24 2
8 2 2 4

π

π
− −

−
= = =  

    ⇒  sin
2 2

8 2

π −
=  since sin 0

8

π
>  

b cos2 15o =  
1 cos 30 2 3

2 4

o
+ +

=

 
⇒ cos 15o = 

2 3

2

+

 

c

 2

2 tan
8tan

4 8 8 4 1 tan
8

π

π π π π

π
= + ⇒ =

−  

2

2 tan
81

1 tan
8

π

π
⇒ =

−

2tan 2 tan 1 0
8 8

π π
⇒ + − =

 

Solving the quadratic equation gives tan 1 2.
8

π
= − ±

 

tan 2 1,  because tan 0.
8 8

π π
⇒ = − >

 

9.4.3  Navigation 

In navigation, directions to and from a reference point are often given in terms of 

bearings. A bearing is an acute angle between a line of travel or line of sight and the 

north-south line. Bearings are usually given angles in degrees such as east or west of 

north, so that N θ E is read as θ east of north, and so on.  

Example 12 The two bearings in Figure 9.41 below are respectively,   

a N30oE         b S10oE. 
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Figure 9.41       Figure 9.42 

Example 13 A ship leaves a port and travels 54 km due west. It then changes course 

and sails 36 km on a bearing S33oW.  How far is it from the port at this 

point? (See Figure 9.42) 

Solution The ship is at point B. You must calculate the distance .PB  Using the law 

of cosines,  

 2 2 2 o)  = 54 36 2 54 36 cos 123(PB + − × × ×  = 2916 + 1296 – 3888 × (– 0.5446)  

    = 6329.4048 

 ⇒  PB = 79.5576  

 ⇒  The ship is about 80km from the port. 

9.4.4  Optics Problem 

Snell’s law of refraction, which was discovered by 

Dutch physicist Willebrord Snell (1591 – 1626), 

states that a light ray is refracted (bent) as it passes 

from a first medium into a second medium 

according to the equation: 

  
sin

sin

α
µ

β
=  

where α  is the angle of incidence and β is the angle 

of refraction. 

The Greek letter µ (mu), is called the index of refraction of the second medium with 

respect to the first. 

Example 14 The index of refraction of water with respect to air is µ =1.33.  

Determine the angle of refraction, if a ray of light passes through water 

with an angle of incidence α = 30o. 

 

30
o
 

10
o
 

N30
o
E 

S30
o
E 

E 

S 

W 

N  

W 

N 

P 

S  

E 

B 

36km  33
o  

54km 

 

Figure 9.43 

 

α 

  

Second medium  

First medium 
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Solution    µ  = 
sin

sin

α

β
 ⇒  1.33 = 

sin 30

sin

o

β
 

⇒   sin β = 
0.5

0.3759
1.33

≈  ⇒   β = sin–1 (0.3759) 

⇒   β = 22.1o 

9.4.5  Simple Harmonic Motion 

The periodic nature of the trigonometric functions is useful for describing the motion of 
a point on an object that vibrates, oscillates, rotates, or is moved by wave motion.  

In Physics, Biology, and Economics, many quantities are periodic. Examples include 
the vibration or oscillation of a pendulum or a spring, periodic fluctuations in the 

population of a species, and periodic fluctuations in a business cycle. Many of these 
quantities can be described by harmonic functions. 

Definition 9.5  

A harmonic function is a function that can be written in the form  

  g (t) = a cos ω t + b sin ωt.                     1            

Note that 1 can be written in the forms  

 a cos ω t + b sin ω t = A cos (ω t − �)   2 

 a cos ω t + b sin ω t = A sin (ω t + φ)  3  

Where ( )
2 2 , cos , sin ,

a b
A a b

A A
δ δ

 
= + =  

 
, and ( )cos , sin ,

b a

A A
φ φ

 
=  
 

 

In 2 or 3, the period is 
2

.π
ω

 The frequency f of the function is the number of complete 

periods per unit time. Since cos  (  )y A tω δ= −  or sin  (  )y A tω δ= +  returns to the 

same y value in one period equal to 
2

π
ω

 time units, you have:  

Natural frequency of a function 

                         
2

f
ω

π
=  

Units of frequency are cycles/sec (also called Hertz). 
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Example 15  A simple electric circuit 

In an electric circuit, such as the one in the figure on the 
right, an electromotive force (EMF) E (volts), usually a 

battery or generator, drives an electric charge Q 
(coulombs) and produces a current I (amperes). In the 

circuit shown in Figure9.44, a resistor of resistance R 
(Ohms) is a component of the circuit that opposes the 

current, dissipating the energy in the form of heat. It 
produces a drop in the voltage given by Ohm's law:  

  E = RI  

The electromotive force (EMF) may be direct or alternating. A direct EMF is 
given by a constant voltage. An alternating EMF is usually given as a sine 

function:  

  E = Eo sin ωot, Eo > 0   

Since –1 ≤ sin ωot ≤ 1, you see that  

  – Eo ≤ E ≤ Eo 

Thus, Eo is the maximum voltage, and –Eo is the minimum voltage.  

Example 16 Suppose that an EMF of E = 10 sin 
4

t
π

 volts is connected in the circuit of 

Figure 9.45 above with a resistance of 5 ohms. 

a What is the period of the EMF?  

b What is the frequency?  

c What is the maximum current in the system?  

 

Solution   

a period = 
2 2 8

 =  =  = 8

4

π π π

π πω
 

b frequency = 
1

 =  cycles/sec
2 8π

ω
 

c from the equation E = RI, we have:  

  I = 
10 sin

E 4 =  = 2 sin 
R 5 4

t

t

π

π
 ampere.  

 The maximum current is 2 amperes.  

Figure 9.44 

EEEE    

I 

R 
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Example 17 Given the equation for simple harmonic motion  d = 6 cos 
3

,
4

tπ  find 

a the maximum displacement   

b the frequency 

c the value of d when t = 4 

d the least positive value of t for which d = 0. 

Solution 

a The maximum displacement is 6, because the maximum displacement from 
the point of equilibrium is the amplitude. 

b Frequency = 

3
34 =  =  cycle/unit time.

2 2 8

π

π π

ω
 

c d = 6 cos 
3

(4)
4

π 
 
 

 = 6 cos 3π = 6(–1) = –6 

d To find the least positive value of t for which d = 0, solve the equation         

d = 6 cos 
3

4
t = 0 to obtain  

3

4
tπ  = 

3 5 2 10
,  ,  ,  . . . which implies  = ,  2, ,

2 2 2 3 3
t

π
π π . . . 

Thus, the least positive value of t is t = 
2

3
 

Vibrations, such as those created by plucking a violin string or striking a wooden 
tube, cause sound waves, which may or may not be audible to the human ear. 
Often, sound waves are sinusoidal and can therefore be written in the form  

  y = a sin ω t  

Here you assume that there is no phase shift [i.e.φ  = 0 in equation 3]. The 

amplitude a is related to the loudness of the sound, which is measured in decibels.  

Example 18 Niddle C is struck on a piano with amplitude of a = 2. The frequency of 

niddle C is 264 cycles/sec. Write an equation for the resulting sound 
wave.  

Solution   With a = 2, we have 

    y = 2 sin ω t  

But, frequency =  = 264
2π

ω
 

So ω = 264 (2π) = 528π. Thus, y = 2 sin 528π t is the equation of the sound wave.  
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Exercise 9.Exercise 9.Exercise 9.Exercise 9.6666    

1 A flying airplane is sighted in a line from two observation stations A and B.  The 

angle of elevation of the airplane from A is 30o and from B is 60o.  A and B are on 

the same side of the airplane.  If the distance between A and B is 1200 m, find the 

altitude of the airplane. 

2 Solve each of the following triangles. Approximate the answers to two decimal places. 

a 

    

b 

    

c 

    

d 

    

e 

    

     

                            Figure 9.45      
3 The angle of elevation of the top of a building is found to be 70o as measured from 

a point on a level ground. If the angle of elevation of a point on the building that 

is 3 m below the top is 60o as measured from the same point on the ground, find 

the height of the building. 

4 Given below is an isosceles trapezium with shorter base b units and the congruent 

sides a units long. If the base angle measures θ 
o, express the area of the trapezium 

in terms of a, b, sin θ and cos θ. 

 

Figure 9.46 

a 

θ 

b 

a 

1.5 

2 

1 

C 

θ 

B A 
30o 

10 

x 

20o 

150o 

θ
 

x
 

7 

8 

120o 

θ
 

20o 

x
 

y
 

 
3 

30o 

y
 

x 
 8 



Mathematics Grade 11  

392 

5 Two boats A and B leave the same port P at the same time.   A travels 60 km in 

the direction N 75o W to port Q and B travels 80 km in the direction S 45o W to 

port R.  Find the distance between port Q and port R. 

6 The refraction index of water with respect to air is µ = 1.33.  Determine the angle 

of refraction β of a ray of light that strikes the water body with an angle of 

incidence α = 45o. 

7 Find the exact values of the following trigonometric functions without using a 

calculator or tables. 

 a sin 165o    
b cos 105o   

c tan 
17

12
π   

d  
11

sec
12

π    e cot 
19

12
π    f 

13
csc

12
π

 

8 Simplify each of the following expressions.  

  a  

o o

o o

tan175 tan130

1 tan175 tan130

−

+ ×
  b 

sin tan
cot

csc cot

x x
x

x x

+
×

+
 

 c 
sin(2 ) sin(4 )

cos(2 ) cos(4 )

x x

x x

+

−
  d 

cot tan 2

1 tan 1 cot sin(2 )

x x

x x x
+ −

− −
 

 e 
1 112 5

sin sin cos
13 13

− −    
+    

    
 

9 An alternating current generator generates a current given by the formula              

I = 20 sin 40π t, where t is time in seconds.  

          a       Determine the amplitude and the period.  

          b       What is the frequency of the current? 

10 An aeroplane is flying in a direction S 15o E at an air speed of 1403 km/hr. A 

steady wind of 56 km/hr is blowing in the direction of S 30o W.  Find the velocity 
of the aeroplane relative to the ground.  

11 A boat directed N 75oE is crossing a river at a speed of 20 km/hr relative to the 

water. The river is flowing in the direction of S 30o E at 6 km/hr. Find the velocity 
of the boat relative to the ground.  

12 In ∆XYZ, x = 23.5, y = 9.8, o = 39.7X∠ . Solve the triangle.  

13   In ∆ABC, b = 15, c = 20, and o = 29 .B∠  Solve the triangle.  

14 If x = a cosθ – b sinθ  and y= a sinθ + b cosθ, express x2 + y2 in terms of a and b 
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15 Simple pendulum: An object consisting of a point mass m is suspended by a 

weightless string of length ℓ as shown in Figure 9.47. If it is pulled to one side of 

its vertical position and released, it moves periodically to the right and to the left.  

 Let y denote the displacement of the mass from its vertical position, measured 

along the arc of the swing at time t. suppose that y = a when t = 0, the instance of 

release. Then, if a is not too large, the quantity y will approximately oscillate 

according to the simple harmonic model y = a cosω t with period 2 ,
l

T
g

π=

where g is the acceleration of gravity.  

232 feet/secg ≈ or 29.8 m/secg ≈  

If 1.2 m=ℓ  and a = 0.06 m, determine the 

 equation for y as a function of t  and find 

a the period. 

b  the angular frequency.   Figure 9.47 

 Key Terms 
 

 

arccosecant cosecant secant 

arccosine cosine sine 

arccotangent cotangent sinusoidal 

arcsecant harmonic motion tangent 

arcsine laws of cosines trigonometric identities 

arctangent laws of sines  

 Summary 
 

 

1 The Reciprocal Trigonometric Functions: 

i The Cosecant Function:  the reciprocal of sine function, y = csc x. 

� csc x = 
1

sin x
 

� Domain = { }\ :k kπ ∈ℝ ℤ  

� Range = ( ] [ ), 1 1,−∞ − ∞∪  

� Period = 2π 

y = a y = −a 

m 

ℓ 
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ii The Secant Function:  the reciprocal of cosine function, y = sec x. 

� sec x = 
1

cos x
 

� Domain = ℝ \ ( )2 1 :
2

k k
π 

+ ∈ 
 

ℤ  

� Range = ( ] [ ), 1 1,−∞ − ∞∪  

� Period = 2π 

iii The Cotangent Function: the reciprocal of tangent function, y = cot x. 

� cot x = 
1

tan x
 

� Domain = { }\ :k kπ ∈ℝ ℤ  

� Range =  ℝ  

� Period = π 

2 Inverse Trigonometric Functions 

i The Inverse Sine or Arcsine 

       sin–1
 x = y, if and only if x = sin y and 

2 2
y

π π−
≤ ≤ . 

ii The Inverse Cosine or Arccosine 

       cos–1
 x = y, if and only if x = cos y and 0 ≤ y ≤ π 

iii The Inverse Tangent or Arctangent 

         tan–1
 x = y, if and only if x = tan y and 

2 2
y

π π
− < <  

iv The Inverse Cosecant or Arccosecant 

          csc–1
 x = y, if and only if x = csc y and 

2 2
y

π π−
≤ ≤ with y ≠ 0. 

   csc–1
 x = sin–1 

1
; 1x

x

 
≥ 

 
 

v The Inverse Secant or Arcsecant 

 sec –1
 x = y, if and only if x = sec y and 0 ≤ y ≤ π with y ≠ 

2

π
. 

   sec–1
 x = cos–1 

1
; 1x

x

 
≥ 

 
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vi The Inverse Cotangent or Arccotangent 

 cot –1
 x = y if and only if x = cot y and 0 < y < π. 

    cot –1
 x = 1tan

2
x

π −
−  

3 Graphs of some trigonometric functions. 

 y = a sin (kx + b) + c and y = a cos (kx + b) + c,  

 i Amplitude = a  

 ii Period, P = 
2

; 0k
k

π
>  

        When k < 0, use the symmetric property 

 iii Range = ,c a c a − +    

 iv Phase angle = – b 

 v Phase shift  =  
b

k

−
 

4 Applications of Trigonometric Functions  

Solving a triangle 

 i       The Law of Sines  
sin sin sin

a b c

A B C
= =  

 ii The Law of Cosines 

          c
2 = a

2
 + b

2 – 2ab cos C, b2 = a
2
 + c

2 – 2ac cos B,   

    a
2 = b

2
 + c

2 – 2bc cos A.            Figure 9.48 

 iii Trigonometric Formulae for the sum and difference 

The addition and difference identities 

� sin (x ± y) = sin x cos y ± cos x sin y 

� cos (x ± y) = cos x cos y ∓  sin x sin y 

� tan (x ± y) =  
tan tan

1 tan tan

x y

x y

±

∓
 

Double – Angle Formulas 

� cos (2x) = cos2 x – sin2 x 

cos (2x) = 2 cos2 x – 1  

� cos (2x) = 1 – 2 sin2 x 

� sin (2x) = 2 sin x cos x 

C A 

B 

b 

c a 
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� tan (2x) = 
2

2 tan

1 tan

x

x−
 

Half Angle Formulas 

� cos2 
1 cos

2 2

x x+ 
= 

 
 

� sin2 
1 cos

2 2

xx − 
= 

 
 

� tan2 
1 cos

; cos 1
2 1 cos

xx
x

x

− 
= ≠ − 

+ 
 

5 Simple Harmonic Motion 

 g (t) = a cos (ω t) + b sin (ω t) 

� period, 
2

P
π

ω
=  

� frequency, 
2

f
ω

π
=  

 Review Exercises on Unit 9 

1 Prove the following identities. 

 a cot (x + π) = cot x   b cot (–x) = –cot x  

  c sec (–x) =  sec x   d csc (–x) =  –csc x 

2 Find each value.   

  a sec 
4

π
     b  csc 

6

π
    c     cot 

2

π
   

3 Explain how the graph of y = csc x is related to the graph of y = sec x. 

4 Find a function f of the form f (x) = a sin (kx) satisfying the given properties 

 a amplitude 3 and period 
2

5
π  

 b amplitude 
2

5
 and f (3) = 0 

          c peak at ,5
3

π 
 
 

 

 d amplitude 2, the graph passes through , 0
3

π 
 
 

 



Unit 9 Further on Trigonometric Functions 

397 

5 Repeat problem number 4, if f (x) = a cos (kx). 

6 Find each value. 

 a sin–1 
2

2

 −
  
 

  b 1tan (1)−   c ( )
1tan 3−

−  

7 Using a calculator or tables, find each value  

 a arcsin (0.0941)  b arccos (0.5525) c arctan (–2.4147) 

8 Find the exact values of each of the following without using a calculator or tables. 

 a 1 3
sin sin

5
−  
  
  

    b ( )
1sin sin (0.025)−   

  c 1 3
cos cos

4
−  

−  
  

    d 1 1
sin cos

8
−  
  
    

  e ( )
1cos sin ( ) for 1x x

−
≤    f ( )

1sin cos ( ) for 1x x
−

≤  

g      
1 4

tan cos
9

−  
  
       

h 1 4
sin 2 tan

5
−  

−  
     

 

9 If 
55

sin( )
73

α θ+ = and 
3

sin ,
5

θ = find sin α 

10 If 
12

sin
37

x = − , 
3

,
2

xπ π< <

 
find cos .

2

x 
 
 

 

11 Draw the graph of each of the following functions for one cycle. 

 a ( ) 2 sin
2

f x x
π 

= − 
 

  b 
1

( ) cos
2 4

f x x
π 

= − + 
 

 

  c 
1

( ) 3 sin
2 4

f x x
π 

= − + 
 

 d ( ) 2 cos 3
4

f x x
π 

= + 
   

12 Use the law of sines to solve ∆ABC if  

a a = 5, β = 50o
, γ = 70o 

b a = 5, b = 3, α = 45o 

c a = 11, b = 24, α = 59.5o 

13 Use the law of cosines to solve ∆ABC if      Figure 9.49 

 a a = 5, b = 6,  γ = 60o   b b = 8, c = 7 , α = 30o   

  c a = 20, c = 30, β = 110o 

A C 

B 

a 
c 

b 

α 

β 

 γ 
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14 Solve each of the following trigonometric equations.  

  a sin (2x) = 3  sin x   b sin (2x) = 
1

2
−  

 c tan 3 3
4

x
π 

− = 
 

  d 2sin sin(2 )x x=  

  e tan 2sin 0
2

x
x

 
− = 

 
 

15 Two drivers A and B leave the same place at the same time.  If A drives 80 km/hr 

in the direction of N 30oE and B drives 90km/hr in the direction of S 60oW, how 

far apart are they after 1
1

2  
hours? 

16 A tower 15 m high is on the bank of a river.  It is observed that the angle of 

depression from the top of the tower to a point on the opposite shore is 30o and the 

angle of depression from the base of the tower to the same point on the opposite 

shore is observed to be 15o.  Find the width of the river. 

17 The refraction index of ice with respect to air is µ = 1.309. Determine the angle of 

refraction β of a ray of light that strikes a block of ice with an angle of incidence 

α = 40o.  

18 Prove each of the following trigonometric identities. 

 a cos4 x – sin4 x = cos (2x)  b 
cos (2 ) cot 1

1 sin (2 ) cot 1

x x

x x

−
=

+ +
 

19 Simplify y = tan ( 12sin x
− ) in terms of x. 

20 The population (in hundreds) of a species of bird in an area is modelled by the 

function  

  
2 t

( ) 5 3 sin ;  0 12.
5

P t t
π 

= + ≤ ≤ 
 

 

  where t is the time in months,  

  Determine: 

  a the initial population. 

  b the largest and smallest populations.  

  c the first time in which the population reaches 350 birds. 

  d the population after one year. 




