FURTHER ON TRIGONOMETRIC
FUNCTIONS
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INTRODUCTION

Trigonometry is the branch of mathematics that studies the relationship between angles
and sides of a triangle. The vaues of the basic trigonometric functions are the ratio of
the lengths of the sides of right-angled triangles.

Although "trigonometry” originated as the study of calculating the angles and lengthsin -
triangles, it has much more widespread applications.

One of the earliest known uses of trigonometry is an Egyptian table that shows the
relationship between the time of day and the length of the shadow. cast by a vertical
stick. The Egyptians knew that this shadow was longer in the morning; decreased to a
minimum at noon, and increased thereafter until sun-down. The rule that gives time of
day as a function of shadow length is a forerunner of the tangent and cotangent
functions (trigonometric functions) you study in this unit.

THE FUNCTIONS y = sec x, y = cosec X
AND y = cot x

You have learnt that the three fundamental trigonometric functions of the acute angle 8
are defined asfollows. :

Name of Function Abbreviation \ Valueat 8

. 0
sine sin sin 9= PP
hyp
: adj
cosine cos cos =
opp
tan 6= ——
tangent tan i
Considering the standard right-angled triangle and B
looking at the ratios these basic trigonometric functions
represent in relation to angle A, you obtain: Hypotenuse
. - a
snA= opposite - E & 2 opposite [A
hypotenuse - ¢ —
s A= adjacent 9 A b C
hypotenuse c adjacent [A
tan A= OPPOSite _a Figure 9.1
adjacent b
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Unit 9 Further on Trigonometric Functions

ACTIVITY 9 1
1 Given the trianglein Figure 9.2 below, find
a snA b snB C cosB d tan B
A
o
B
13
12
5
4
A 3 (@ C 5 B
Figure 9.2 Figure 9.3
2 Giventhetrianglein Figure 9.3 above, evauate
sinég cosé tanéd

There are actually six trigonometric functions. The reciprocals of the ratios that define the
sine, cosine and tangent functions are used to define the remaining three trigonometric
functions. These reciproca functions of the acute angle fare defined as follows.

Name of Function Abbreviation \ Valueat 6

h
cosecant csc csc 9=
opp
h
secant SeC secd =LP
adj
adj
cotangent cot cotd=—+-
opp

The relationship of these trigonometric functions in a A
standard right angled triangle is shown below.

: c
C&A:E:_i b
\ a sinA
: c 1
A=—=\—F B
cosA c a
Figure 9.4

COtA'=—"=—1
a tanA
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Example 1 Given the triangle below, find: B
a cot A b csc B
c sec A d csc A 5
Solution 4
a cot A= § b cscB = S
4 3 VAR
A C
_5 d _5 3
c SeCA_g CSCA_Z Figure 9.5

Graphs of y=csc x, y=sec xand y=cot x

In Grade 10, you studied the graphs of the sine, cosine and tangent functions. Inthis
topic you will study the graphs of the remaining three trigonometric functions. '

1 Determine the domain, range and period for the following
three trigonometric functions and draw their graphs.
a y=sinx b y=cosx c y =tanx

2 Based on your knowledge of trigonometric functions, fill in the following table.

csc ¢

sec 4

cot &

3 Determine the domain of
a y=CxcX b y=secx c y = cot X

4 Youknow that -1<sinx<1 for dl x In short, |sinx|s]; what can you say

about _L?
|sinx|
1 1

5 Y ou also know that — = —— = CSCX.
sin(x+27) sinx

Are csc X, sec x and cot x periodic? If your answer is yes, determine their periods.
6 Discuss the symmetric properties of secant, cosecant and cotangent functions.

From Group work 9.1, you should have determined the domain, range and period of the
cosecant, secant and cotangent functions as follows.
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Unit 9 Further on Trigonometric Functions

1 If f(x)=cscx, then D, ={x CR1 x# kr,k CZ}
Range = (-, =1 U[1, )
Period, P= 21

2 If f(x)=secx thenDy = {xx,—:@;k 3

Range = (-0, ~1]U[1, )
Period, P= 217
3 If f(x)=cotx, thenD; = {x [t x# kr,k [Z}
Range=R
Period, P =1

Y ou now want to draw the graph of
f(x) = cscx

s ; Y 4
The domain of cosecant function is restricted, in order to have no division by zero. By
taking the reciprocals of non-zero ordinates on the graph of the sine function as shown

in Figure 9.6, you obtain the graph of f(x) = cscx.

The graph of cosecant function has vertical asymptotes at the pomt where the graph of
the sine function crosses the x-axis.

I .uy

\

1 1
1 1
1 1
1 1
] 1
1 1
1 1
1 1
J & 2K
1 1
1 1
1 1
1 1
1 1
1 1

\
1
ivd
BE N
' R
'---H,"--""'"
’ b

Flgure 9.6 \Graph of y = csc x

Applying the same techmqu& as for the cosecant function, we can draw the graphs of
secant and cotangent functions as follows.
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Figure9.7  Graph of y = sec x Figure 9.8 Graph of 'y = cot x

1 Determine each of the following values without the use of tables or calculators.

=g v o=[f) o =T
(%)
o =5 0 =) =(F

j cot (-77) k sec(5—”j csc (37)

o
8
7\
wlx
N——
D
8
|
oy
—

2 Determinethe largest interval | [Cf0 277] onwhich
a  f(x)=cscxisincreasing. b f(X)=secxisincreasing.
c f (X) = cot x isincreasing.

3 Simplify each of the following expressions.

: tan x
a Sec X Sin X b tan x csc X c 1+ ——
COSX
d CsC x+£ e SEC x—z f tan x+Z
2 2 2

4 Find the range of y = —3sec x.
5 Prove each of the following trigonometric identities.

a  scXx-tan’x=1 b csc®™-cot’x=1
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INVERSE OF TRIGONOMETRIC FUNCTIONS

You now need to define inverses of the trigonometric functions, starting with a brief
review of the general concept of inverse functions. You first restate a few important
facts about inverse functions.

Facts about inverse functions

For f aone-to-one function and f ! its inverse:

1 If (a, b) is an element of f, then (b, a) is an element of f , and conversely.
2  Rangef=Domainof f*
3  Domainof f = Rangeof f *
The graph of f ™ is obtained by reflecting the graph of f in the liney = x.
ty  y=x y

. J
L.
// A
f/ /’ / ! x‘
’ !
’
’ F,
. /!
.

e
4
7
z

Figure 9.9 \
You know that afunction f isinvertibleif it is one -to-one. All trigonometric functions are
periodic; hence, each range value can be associated with infinitely many domain values.
As aresult, no trigpnometric function is one-to-one. So without restricting the domains,
no trigonometric function has an inverse function as shown in Figure 9.10 below. To
resolve this problem, you restrict the domain of each function so that it is one-to-one over
the restricted domain. Thus, for this restricted domain, the functionisinvertible.

Z‘/

Y 3 o
: S -T 14" M‘t >
. -2n
a Graph.of y = sin x b Graph of y = sin™ x on domain = [—1, 1]
y 4 and range (-, o)
Figure 9.10
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Inverse trigonometric functions are used in many applications and mathematical
developments and they will be particularly useful to you when you solve trigonometric
equations.

ACTIVITY Q 2

1 Find some intervals on which the sine function is one-to-one.

/4

”SXS—
2

2 Draw the graph of f (X) = sin x when =5 and reflect it intheline y = x.

a Inverse sine function

From Activity 9.2, you should have seen that the sine function is invertible on [—% ; %]

Now, you can define the inverse sine function as follows. |
! A

/ N

n -;T\_jf/]\ T . n 2
-1 2 ) =TT $-
a Graph of y = sin x", b Graph ofy = sin x
“\Figure 9.11 /
Definition 9.1 Inverse sine or Arcsine function

The inverse sine or arcsine function, denoted by sin* or arcsin, is defined by

sin’x=yor acsinx =y, if and only if x:sinyfor%s ys%

1  Theinverse sine function is the function that assigns to each number xin [-1, 1]

the unique number yin {—g /27} such that x =siny.

2  Domainof sin™x is[-1, 1] and Range of sin™* xis {—% %}

3 From the definition, you have

sn(sintx)=xif-1<x<1 sin™ (sin x)= xif -

m m
“<x<=
2 2
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sin xis different from (sin x) ™ and sSnx";

(snx)™"= _1 and sinx'l:sin(lj
sinx X

Example 1 Calculatesin™ x for

a x=0 b x=1 c x:; d [x=1
Solution :
a sin‘1(0)=OsincesinO=0andOEFI%, %}

b snt()=Z sncesin| X =1and£|:ﬁk£, 1}
2 2 2 N N2

c sin‘{?} = % sncesin % = V3 and ~ |_,:ZI-£, Z}

d snt(-1)= -7 Sncesin (—Zj ' ;Eland I I:EFZ, Z}
2 2) N 2 \\\2" 2

Example 2 Compute cos[sin‘l [;D

Solution Let =5 n‘l[g) . Then, éin 6= ; and drawing the reference triangle

' B
asociated with 8, you have:

cosd = @ 7
7 4
where /33 is calculated using Pythagoras’ theorem. f
7 _ A -
Therefore, 'cos{-si nl[gD =cosf = g J33 C
: % Figure 9.12

Calculator
Read"t_he user’s manua for your caculator and find the values to
4 significant digits for
1 arcsin(0.0215)

-2 €t (-0437)

.3 tan(sin*(0.9415)
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b Inverse cosine function

You know that cos x is not one-to-one. Note, however, that cos x decreases from
1to-1intheinterval [0, 7. Thusif y = cos x and x is restricted in the interval [0, 7],
then for every y in [-1, 1], there isa unique x such that cosx = y.

'y y

- N ,1 " 1 1

\\ 4 7 lxn
7 » v
-2 R 904 _1{ ‘\7‘5,’ 2 75

a Graph of y = cos x b Gmph ofy = cos™ x
Figure 9.13
Use this redtricted cosine function to define the inverse cosine function. Reflectlng the

graph of y=cosxon [0,7] in the line y=x, gives the graph of f(x) cos'x as
shown in Figures 9.13 and 9.14.

v

i

PRL

B W N N
~1 \_
y =cos x

“Figure 9.14

Definition 9.2
The inverse cosine or arccosine function, denoted by cos™ or arccos, is defined by

costx =y, if and only if x= cosy, for 0<sy< .

1  Domainof cos xis[-1, 1] and Range of cos *x is[0, 7
2 From the definition, you have

cos (cosx) = x, if -1 < x< 1.

cos ™t (cosX) = x,if 0< x< 7.

Example 3 Calculatey cos*x for

a ~.x=0 b =1 c Xx=
Sol_utibn ¥

a cos‘l(O)zg sincecos%zo and%l:ED, 7]
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b  cos*(1)=0sincecos0=1and0L]Q, 7

2 2
d  cost(-1)= 7 sincecos 7=—1and 77 L]0, 7]

c  cost [Ej = % since cos% = ﬁ and % [0, 7] B

Example 4 Computetan(cos‘l(%D

Solution  Let 4= cos‘l(%j, so that cos 8 = %
The opposite sideis v/4> - 12 = /15 A C
Thus, tan (COS_1 (%j) =tan @ = ? =15 _ Figure 5.15 4
Example 5 Show that cos™(-x) =7 -cos™ x. TR '
Solution  Let y=7-cos’x Then, cos'x=7~-y
= X=COS(/T—Yy)= X=-C0SY=>—X= COSY
= cosi(-x)=y=m-cosix %
Calculator : — - _
. Find to 4 significant digits

1 arccos(0.5214)
2 cos'(-0.0103) .
3 sec(arccos (0.04235))

Example 6 Compute cos‘l[—gj

Solution  cos™ _—Q = 71-cos™ ﬁ _,-T_3,
2 (2 4 4

¢ Inverse tangent function
The function tan X i not one-to-one on its domain asit can be seen from its graph.
nmom

To get au_niqueXfor agiveny, you restrict x to the interval (_E’ 2) .
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¥
1 i Yo ] ’ﬂ-/—_
1 7" 1 i =
! ’: : II: ===l 2 ___
1 7
: // : : ‘/, : x Lx
2n 3?7 'nj: 07, ,n ﬁ : _ ___________
2 B T LI
III 1 1 1 ’,T
l ! " ! ==:: ________
a Graphofy=tanx b Graph of y = tan* x and~

range ={y ER: y # (2;7'.— 1_)%; n €N}/

Figure 9.16

Definition 9.3
The inverse tangent function isafunction denoted by tanx or arctan x that assigns

to each real number x the unique number y in (—% %) such that x =tan y.

Reflecting the graph of y = tanxintheliney = X glvesthe graph‘of f(x)=tan"x as

shown in the Figures 9.16 and 9.17.
Ay

SRS I

O I

a Graph of y ='tan'x M b Graph of y = tan™ x

Figure 9.17
M Remark:

1  Domain of tan™x is (—o, ») and Range of tan™ x is [—ggj

Y ou stress that E is not in the range of tan™*x because tan g is not defined.

2 From the above definition, you have,
tan (tan " x) = x for all real x

tan ™ (tan x) = x, if ~ZL<x<Z
2 2

Examp!e 7 Compute (|n radians).

a tan (0) b tanl(\@) c tan‘l[—%j
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Solution
. /g
a tan (O)=Obecwsetan(0)=0and0lié+5, Ej
b tan* (v3) = X because tan - = 3and£l:ék£, Zj
(I) 3 3 V3 3 2 2

_ 1 4 4 1 m T
tan' | -—=|=-= because tan-—=-—— and - =, =
SR AR A B S X

Example 8 Expresstan (sin x) in terms of x.
Solution Here, you consider the following cases.
i Supposex=0,thentan (sin* (0)) =tan 0= 0.

i SupposeO<x<1. Letf=sn"x thensin §=xand %<9<%

Look at the reference triangle given.
X
Vi=-x3

i 1f-1<x<0, thentan (sin"x) = ~tan(Sn"(~x))

—x X VeSS
\/1_ 7 ~ \/1_ N Figure 9.18

X ' :
forall x (=1, 1) -
Ny o AR

Inverse cotangent, secant, and cosecant functions

Here, the definitions of the inverse cotangent, secant and cosecant functions are given.
Whereas drawing the graphsis given as exercise.

Hence, tan (sin™" x) = tané =

= tan (sin"'(x)) = -

(Sn*(x)) =

Definition 9.4

i Theinverse cotangent function cot™ or arccot is defined by
y=cotx, if and only if x= coty where0 <y < 7and —o0 < x < co.

i The inverse secant function sec™ x or arcsec x is defined by

y=sec’x, if and only if x = secy where0<y < 7, yig, x| 21.

i Theinverse cosecant function csc X or arcesc X is defined by

y = csc 7, if and only if x = cscy where —%
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Example 9 Find the exact values of
a cot™ (\@) b  sx™(2 c et [—ij
Solution

a y=00t'1(x@):coty=x/§ and O<y<rm = y=%

b sec‘1(2)=£becausesec[£j=2md0<£<£
3 3 3 2

¢ csct _ 2 =sin™ —ﬁ =-sn™ ﬁ =
J3 2 2 3

1 Find the exact values of each of the following exbrons without using a
calculator or tables.

R o w2
d csc‘l{—%j e sx'(v2) f o coti(-1)
ofr(E) o lef) e
R (L

 wfel3)) o erfm(3)

2 Express each of the following expressions in terms of x.
a y=sgn(arctanx) b y=cos(acsnx) c y = tan (arccos x)
3 Prove each of the following identities.

a tant(xX)=—tar'x b  arcsecx=arccos (lj for [x =1
X

c scix=dnt [%) for [x|=1

4 Sketch the graph of:
a y=arccscx b  y=acsecx c y = arccot X

5 Lety =3+ 2 arcsin (5x — 1). Express x in terms of y and determine the range of
values of x and y.
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GRAPHS OF SOME TRIGONOMETRIC
FUNCTIONS

In the previous section, the graphs of y = sin x and y = cos x have been dlscussed Inthis

section, you will consider graphs of the more general forms:.
y=asn(kx+ b)+candy=acos(kx+ b)+c

These equations are important in both mathematics and related fields. ':I'hey_ are used in the
analysis of sound waves, x-rays, electric circuits, vibrations, spring-mass systems, etc.

1 For the following values of x, fill in atable for the given
functions.

. . 2
sSnX 29nX | COSX —3CO0SX gcosx

2
1 —_ —
0 0 0 3 3
n 1 1 ﬁ _ _3 ﬁ
6 2 2 2 3
&
4
21

Copy and complete the table for

T m T T 2mr 37 5w 77 5t 4m Tm 1w
X:Ol_’_’_’_’_’_’_’”’_’_’_’_’ ’2”
6 4 3 2 3 4 6 6 4 3 4 6
2 Using the above table, sketch the graphs of the following pairs of functions using
the same coordinate axes.

a y=sngdand y=2snd b y=sin€andy=%sin€
c y=cos @ and y=-3 cos 4 d y=cos€andy=§cos€
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3 For each of the following functions, find the ranges and periods.

a y=2snx b y=%sinx
c y=-3cosx d yzgcosx

4 Leta[RY expresstherange of y =acosxintermsof a. Here, |a| issaid to be

the amplitude of a cos x. In general, if f isa periodic function, the amplitude of f is
given by

Maximumvalueof f —Minimumvalueof f

2
Find the amplitudes of each of the following trigonometric functions.

a f(X=sgnx b g(X=-cosx c h(X) =0.25sinx
d k@®=4tanx e s(x=-6cosx f f(x)=]sinx]|

|af=

From Group Work 9.2 you should have observed that the graph of y'— a sin x can be

obtained from the graph of y = sin x by multlplymg each value of y on the graph of
y=snxbya.

v' Thegraph of y = a snx still crosses the x—axiswhere the graph of y = sin x crosses
the x-axis, becausea x 0 =0.

v Since the maximum value of sin x is 1, the maximum value of a sin x is

|al x 1 =] al. The constant| al, the amplitude of the graph of y = a sin x,
indicates the maximum deviation of the graph of y = a sin x from the x-axis.

v' Theperiodof y=asinxisaso 27, snceasin(x+27) =asnx.

Example 1 Draw thegraphsof y=sinx,y = %sinxand y =-2 d9nx, onthe same

coordinate systemfor 0 < x <271 ty
Solution The amplltudes of y = lsm x and 31 1
. 2 S| YT ENX = Csinx
2 L 0, respectively, — 1| v /N2
=-2sinx are = and 2, r ively, 1 :
Y 2 SPeEVEY: AN X
and the amplitude of sn x is 1. The _, N2
negative sign iny=-2 sinx reflects 5 \ /R N
the graph of y = 2 sin x across the 5 y=-2sinx
x-axis. Together with the results from 4

Group Work- 9.2, this gives you the _
graphs ‘of al the three functions as Figure 9.19 3
shown in Figure 9.19a.
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In general, for any function f, the greph of af is drawn by expanding or compressing the
graph of finthe vertical direction and by reflecting in the x-axiswhena < 0. For a# + 1, the
amplitude of af isdifferent from that of f, whereas the period doesn’t change.

Similarly, the graphs of y = %cosx, y=-3cosX, y=cosx 0<x<2r areasshown in

Figure 9.19b.

y

N y=-3cosx | |
° y = Ecosx
Z / o
1

\§/ ' \4/. X
AN 2 \
- y = CosX 4 ’
5 :

Figure 9.19b

The Graph of f(x) = sin_' kx; k>0 |

1 Fill in the values of the following functions for the values
of x given below.

Copy and complete the table for
_~ T T 37 57 3r T
X_O’ Ty oy T ”’ B T | 2”
4 2 4 4 2 4

2 Find the maximum and minimum values of

a f(x=9n(2x) b g (x) =sin (%x)
3 Using the valuesin the table above, draw the graph of

a f(x=9n(2x) b g(x)=sin(%x)
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From Group work 9.3, it can be observed that
v

the function f (x) = sin (2x) covers one complete cycle on the interval [0,7], but

g(x) = sin[; xj covers exactly half of one cycle on the interval [0, 277].

v" both functions are periodic and the shape of their graphsis a sine wave.

You can sketch the graphs of f (X) = sin(2x) and g (x) = sin(%,xj based on these .

properties and some other strategic points such as the x and y-i ntercepts and the values
of x which give minimum value or maximum value. Thus, for 0< G 27,

i

. sn(2x)=0,= 2x=0, 1, 271 = x=0,—,/r

= The graph crosses the x-axis a (0, 0), (%OJ and'(n, 0).

. sin(2x)=1:>2x=£:>x=£ /A NG XN
2 4 o \
= The function attains its maximum.valueatng
. sin 2x=-1= 2x=3” x—%’
3/7

= The function attains its mlnl mum value at X =

From all these, you have the foIIowing sketch of the curve of f(x) = sin (2x) drawn
together withy = sin x.

uy
ly=sinx
2 v

Ky 1 \ X

" 2 % \ r” \ -
< 7
2 .

| '3 y =Sin 2X

" v ; Figure 9.20

The period of y = sin (2x) is 7. 1t hastwo complete cycleson [0, 27].
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Similarly, for 0 < x< 47,
. sin (lxj=0:>1x=0, T, 21
2 2
= x=0,2m4r
— Thegraph of f(x) = sin (% x) crosses the x-axis at (0, 0), (277, 0) and (47, 0).
. (1 j_ 1 B
o SN =x |=1= —X=—=X=T1.
2 2 2
= Thegraphhasapesk at (77, 1)
. (1 1 3 /) y
o sin (—sz—l:—x=—n:>x=3/r f /
2 2 2 \
= Thegraphhasavalley at (37, 1)
Based on the above facts, draw the graphs of f (x) =_éin [% xj and y = sin x asfollows

1Y ]
S - B i
_|lyFsinx yEsinzXx
Z
1 ~

NERE YRS R
. i 21~ 3)7¥//4'7r
L \

Figure-9.21

Now investigate the effect of k by comparing
y=sinx and y=sin (kx), k>0
where both have the same amplitude, 1. Sincey = sin x has period 27, it follows that
y =sin (kx) completes one cycle as kx varies from kx = 0 to kx = 2770r as x varies from
x=0tox= E_
k

Thus, the period-of y= sin (kx) is-z%.

A similar inv&ctigatibn shows that theperiod of y = cos (kx) is 27”

If k<O, remove the negative sign from inside the function by using the identities:

sin (-X) = —sin x and .cos (-X) = cos X.

Inthe cések< 0, the period of y = sin (kx) and y = cos (k X) is 2—”.

K
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Graphs of y= asin (kx) and y= acos (kx)

All the above discussions may lead you to the following procedures of drawing graphs.

Procedures for drawing graphs

Step 1: Determine the period P = |2?’|7 and the amplitude]| a|.
Step 2: Divide the interval [0, P] along the x-axis into four equal parts:
x=0, E’ E’ 3_P’ P
4 2 4
. . P P 3
Step 3: Draw the graph of the points corresponding to x _O’Z’ 2 A P.
P P 3P
— — — P
0 4 2 4
0 a 0 —-a 0
a 0 —-a 0 a
Step 4: Connect the points found in Step 3 by asine wave.
Step 5: Repeat this one cycle of the curve as required.
Example 2 Draw the graph of y = 2'sin(3x).
Solution
Step 1: The period P = 2?” and the amplitudea = 2.
Step 2: The curve completes one cycle on the interval [O, 2?”} .
4 o 2| .
Divide [0, ?} into four equal parts by
X:O’ E:E’E:E’ 3_P:£’ P:2_”
4 6 2 3 4 2 3
51:6};) %3
| o|Z|Z| x| 2
6| 3| 2 3
0| 2|0 ]|-2 0
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Step 4:

Connect the points found in Step 3 by asine wave.

Unit 9 Further on Trigonometric Functions

Y

y:

2sin3x

PN W

AN

5

V(LY.

\
1
\

Figure 9.22

Example 3 Draw the graph of f(x) = —3cos (% xj

Solution

Step 1:

Step 2:

Step 3:

Step 4:

Period, P =

2m _

)

Divide [0, 37] into four equal parts by

P_37 P_37 3P_97

37 and amplitude, [a| =|-3=3"

; 5

x=0,—=2 Z-S0 2 I pogy
4 4'2 2' 4 4 \
.-(.
ar| s [or |
4 2 4
0 3 0 -3
Ay ’)
A _ -y:—BCosgx
A /5
1 /
. m 277\ 377:
A N\
{ Figure 9.23
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1 Draw the graph of each of the following functions.

a f(X) =4sinx b f(X) = —2cosx
2 . 1

c f (x) ==sinx d f (X) = =cosx
(=73 (=7

2 Draw the graph of each of the following trigonometric functions for one cycle.
Indicate the amplitude and the period.

a f(x) =sin (4x) b f(x)=—25in[%xj

C f(x)z%oos(Zx) d f(x)=5sin (—%x)
. 1 L 2

e f(x)=4 oos[z xj f f(x) = > cos[ 2xj

SEW Graphs of 7(x) = asin/(kx'+ b)+/cand
f(x) = acos(kx+ b)+c’
Y ou have already sketched graphs of f (x) = a sin (kx) and f (x) = a cos (kx).

Here you are investigating the geometric effect of the constants b and c in drawing the
graph of the functions. :

Consider the functiony =asin(kx+b) + ¢

-]

Thisissimply the functiony =a sin (k x) after it has been shifted —E unitsin the
x-direction and c unitsin the y-direction. '
In particular, it is shifted to the p;ositi\/e x-direction if E< 0 and to the negative

x-direction if E> 0. Also, it is shifted to the positive y-direction if ¢ > 0 and to the

negative y-direction if ¢ < 0. For example, if you want to draw the graph of

y=3sin [Zx - %) - 2, rewrite the equation in the form

it )
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Thus, the graph of this function is obtained by shifting the graph of y = 3 sin (2x) inthe

positive x-direction by % units and 2 units in the negative y-direction as shown in

Figure 9.22.
2 1Y
2 p\ y =3sin2x
NV [\
AN [/ N\ *
TN N F
N\ AR\ ,
L/ N/ / A4
4/ VRSN
- \J/y:Ssinféx—»q—Z
o, VIS
Figure 9,24 - BTN D
The following activity introduces a simplified procedure of drawi n'g_graphu .
ACTIVITY 9_3 (aBN8
1  If 3x+5variesfrom0to 27, i.e, 0<3x+5< 27, then, i
5 2r 5 -5, 21 5

-5<3x<27-5 = -=<x<—-=:ji.e xvaiesfrom — to — -=
3 3 3 3 3 3

Based on this example, find the intervals on which x-varies, if each of the
following expressions varies from O to 27z.

a 2x+1 b 3x-1 c 2x—z d /Tx+z
3 2
2 Find those values of x that divide the given interval into four equal parts.
a [0 2] b E,£+1
4 2 4
3 Fill in the following table
: L O L I O
4 8 |4 4| 4 8 4 2

3sin (4x-1)
3cos(4x —1)
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From Activity 9.3, you have the following properties.

1 If kx + b variesfrom0to 27, i.e,0< kx+ b< 27, then,

b<kes—b+27= kb<x<kb+2” (k>0)

s0 that x varies from kb to ;b n

k Kk

Therefore, T (X) = sin (kx + b) generates one cycle of sine wave as kx + b varies
b b 2/7}

from O to 277, or as X varies over the interva { k ”

2 Thegreph“starts’ at x = - i which is said to be the phase shift because the phase

of the basic wave is shifted by a factor of b.

Furthermore, you have the following procedures for drawing graphs:

Assumethat k > 0. (If k < 0, use the symmetric properties of sine and cosine).

Step 1: Determine the period, P = 27” the amplitude= | a| and phase shift —
-b b 2n
Step 2: Divide the interval o k n aong the x-axis into four equa parts.
The length of each interval will be 2—’:( Why? Explain!
The dividing values of x are:
_b b 7 _ b 7 -b 37 -b 27
X=—, X=—+—, X=—-—+—, X=—+— and x=—+—
k k 2k’ k k k 2k k k
Step 3:
Step 4: Connect the points found in Step 3 by asine wave.
Step 5: Repeat this portion of the graph indefinitely to the left and to the right

2 . .
every Eﬂunlts on the x-axis.
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Example 4 Draw the graph of f(X) = BSin(%x— %) +1.

Solution First draw the graph of y =3 sin (%x - %) and then shift it in the

positive y-direction by 1 unit.

Step 1: The period, P:2_1”=4;7
)
Amplitude, | a |=3
E
PhaseShlft, bzizg !
13
2 " .. N i
-b b 27 _[2r 21 “[2n 147 -
St 2: —_—,—t—| = _,_+4”- £,/ |.
ep [kk k}[g 3 ][3 3}
The graph completes full cycle on [%f;—_“sﬂ} EN s XV

Divide [2—:;714?”} into four equal partsby x=——,—,—,—, 3

Figure 9.25
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Example 5 Draw the graph of f(x) = -5cos (3x+2) - 2.

Solution First draw the graph of y = -5 cos (3x + 2) and then shift it in the
negative y-direction by 2 units.
Step 1: Period,P=2?ﬂ,ampIitude, |a|=|-5|=5.

Phase shift = _—32 phase angle = -2

Step 2: Dividetheinterval [_—32 %ﬂ—ﬂinto four equal intervals of length % /

Step 3:
—2+/7 —2+77 —2+/7 _2+2/7
X 376 373|372 373
-5 cos (3x + 2) 0 5 0 -5
—5cos(3x+2) -2 -2 3 -2 —7
Step 4,5 \
7-A'y.
B F—Scos(S +2)
VNI TR LB\
LEAVAN L AN T
RIS R
N AN
A
S 2 L gn
S \
AT
W e
W WS EE NV
VAN
A eV VY
| y|= =5cos(8x+ 2) - 2

Figure 9.26

Example 6 Graph f(x) = %cos(% X+ %) for one cycle.

32|
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Solution As %x+% varies from 0 to 277, x-varies from —1 to 3.

The graph completes one full cycle on theinterval [-1, 3]
x=-1,0,1, 2, 3divides[-1, 3] into four equal parts.

Using the following table, sketch the graph for one cycle.

0 1|2 3
1 1
O |-——=|0| =
2 2
. 1 4 7. T
L F(X) F2 g0 X+ |
22T (21
\\\ £ ._:'./// I
.// Mo
= N 1= 2 K
N //
=1
'Figure 9.27

|_Exercise9.4 |

Draw the graphs of each of the following trigonometric functions for one cycle.
Indicate the amplitude, period, and phase shift.

1 f(x)=—%sin(2x—1) 2 f(x):%cos(3x+2)

3 f(x)=35in(%x+3j—2 4 f(x)=sin (7x)+3

5  f(x)=2cos(2x- 1) 6 f(x)= 3—2cos(§)

7 f(x)=—gsin(3x+37”) 8 f(x)=2—%cos(37”x+%)
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SRS Applications of Graphs in Solving
Trigonometric Equations
General solutions of trigonometric equations

If you draw the graph of y = sin x and the line y=§ in the same coordinate system and

for 0 < x < 277, they meet at two particular points, x=% and xzi_”—.

6 .

But you know that theliney = % crosses the graph of f (x) = sin xinfinitely many timeé

i

y

as shown in the figure below.
\ NI

T A D
AL )

Figure 9.28

il

o)
dn

NN
olx
NINT

In this section, you will determine ‘all those infinite points in terms of the particular
points, the period 2 7 of the sine function and an integer n.

ACTIVITY 9 4

1 Draw the graphs of f (x) = tan x and the liney = 1 using the
same coordinate system. Using the graphs

. : I /4 n .
a  determine the particular solution in the range X <x< > that satisfies

the equation tan x =1.
b find the general solution of the equation tan x = 1.

c if X1 isaparticular solution of the equation tan x =t in the range —% < x<%,

determine the general solutionintermsof x; and 7.
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2 Draw the graphs of y=% and y = cos x using the same coordinate system.

: . . . 1.
Determine a particular solution of the equation cosx = 3 intherange -7 < x< 7.

3 Determine the general solution of cosx = % using the particular solutions nand 277 .

From Activity 9.4 it is clear that the general solution for a trigonpmétric equation is
expressed in terms of the particular solutions, the period and n. The following are the
techniques of finding the general solution of some trigonometric equations.

| tanx=t;t eR.

The period of tangent functionis 7z

If X3 is the particular solution in the range% <x< % then thé general solution

setis {x +nr}.
1 \
Example 7 Solvetanx= -—.
’ NE
Solution: )(1=—%:>S.S.={—%+nﬂ}

Il cosx=b; o<l If x, is a particular solution in the range -7 < x < 7,
then —x; is aparticular solution in the same range.
= SS={2n7 + x}.

V3

Example 8 Solvecosx = o

Solution: x1_=%7—*_ﬁ S.S.={2nzri %T}

- snx=b, o <1
If b=0, thensinx=0 = S.S.={nx},

snx=1 = SS = {g +2n/7}

snx=~1 = SS= {—

NS

+ 2nﬂ}
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Suppose 0 < |b|< 1. Asit isdone in the activity, the liney = b crosses the graph of
y = sinx at exactly two pointsin theinterval [0, 27].

If x; and x; are the particular solutions, then the general solution set is

{x + 2nm, x, + 2n7}.

Example 9 Solvesinx= g
Solution:  You know that sin T2 andsins—ﬂzﬂ.
4 2 4 2

= SS.= {Z + 2nn,3—” + 2n/7}.
4 4

. . T3 . . . o .
snx=sn(7T-x)=> % =717 —Z=Zﬂ. Also, if X is a particular solution in the interval

[0, 277], then the general solution set of the equationsin x=b, |b/<1 is{(—l)n X, + an}.

b

Example 10 Solve sin (4x) = —%. N

Solution:  Noticethat the line y;—% crosses the graph of y = sin (4x) twice in the

interval [O, .Z} :
2

. 1 . 1 m s
Sn4x) = -= =sin(-4x) == = 4% = —,-4x, = —
(49 = =2 S sin(-ax) =2 = ~x = 2~k =
L)L m (=5t

24\ / 24

Thus, the particular solutions in the interval [O, %} are
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1 Find the general solution set for each of the following trigonometric equations.

J3

a sinx:—% b cos x ==~ c  tan x=+/3

J3

d 2cx+3snx=0 e cos2x+sn’x=0 f sin(6x)=7

Solve sin® x —sin x cos x = 0 over [0, 27

3 Findthe general solution sets for each of the following trigonometric equations on
the given intervals.

V3 V3

a  Cosx= 7andtanx=—? on|[0, 27.

V/4 1
b CosS| —x—2|== on[-67, 67].
[3 jz [-67 671

SeC (gx—%j=2and cot x<0on [0, 27.

2sin® x+cos? x-1=00n[0, 27.

d
APPLICATION OF TRIGONOMETRIC
FUNCTIONS

In thistopic, you study some of the applications of trigonometric functions to geometry,
science, navigation, wave motions and optics. The laws of sines, and cosnes, the double
angle and half angle formulas are included in this topic.

Many applied problems can be solved by using right-angle triangle trigonometry. You
will see anumber of illugtrations of this fact in this section.

Solying Triangles

In the applications of trigonometry that you consider in this section, it is necessary to find
al sdes and angles of aright-angled triangle. To solve a triangle means to find the
lengths of all its sides and the measures of all itsangles. First solve aright-angled triangle.

Example 1 Solvethe right-angled triangle shown below for al unknown sides and
angles.
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Solution Because C = 90°, it follows that A + B = 90°, and B = 55.8°.

To solve for a, use the fact that

B
tanA= PP = & whichimplies
adj
a=btanA u
So, a=19.4x tan 34.2° = 13.18.
Similarly, to solve for c, use the fact that A 34.2 ¢ . C".
adj b b =19.4,
cosA= — = — whichimplies Figure 9.29
hyp ¢ /s . )
c= b _ 194 23.46

T cosA  cos 34.2°

In many situations, trigonometric functions can be used to determine ?1 distance that is
difficult to measure directly. Two such cases are illustrated below.

a ; : A S r4

Line of sight

6 = angle of élev_ation

Horizontal line

Figure 9.30

Horizontal line

&= angle of depression 7 4 4

Line of sight

* Figure 9.31

Each angle is formed by two lines: a horizontal line and a line of sight. If the angle is
measured upward from the horizontal, as in a, then the angle is called an angle of
elevation. If it is measured downward asin b, it is called an angle of depression.

Examble 2 A surveyor is standing 50 m from the base of alarge tree, as shown
below. The surveyor measures the angle of elevation to the top of the tree
as15°. How tall is the tree if the surveyor is 1.72 m tall?
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By
PN

15°

1.72m

50 m
Figure 9.32 ;
Solution  The information given suggests the use of the tangent function.
Let the height of the tree be h metres. Then,
(h-1.72)
50
(h-1.72)
50 b
= h=(50(0.2679) + 1.72) m i AN
— h=15.115m %4 |
Thus, the tree is about 15 m tdll. :
Example 3 A woman standing on top of a cliff spots a boat in the sea, as given in
Figure 9.33. If the top of thecliff is 70 m above the water level, her eye
level is 1.6 m above the top of the cliff and if the angle of depression is

30° how far is the boat from a point at sealevel that is directly below the
observer? X

tan15° =

0.268 =

Figure 9.33
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Solution In the figure, the observer's eyes are 71.6 m above the water level. Using
triangle BCD, compute

tan30°= 22 o, 1 _7Lom
DC J3 DC

— DC=71.6+/3m
- Theboat is 71.6+/3m far away from the bottom of the cliff.

Example 4 Inorder to measure the height of ahill, a surveyor takestwo sightings
from atransit 1.5m high. The sightings are taken 1000m apart from the’
same ground elevation. The first measured angle of eevation is51°, and
the second is 29°. To the nearest metre, what |sthe height of the hill
(above ground level)?

Solution Firg draw the figure and label the known parts. (See Figure 9.34)

Figure 9.34
The height of thehill isAB + 1.5m=h
~AB

But, tan51° = 'S, and tan29° =
X X+ 1000

AB = xtan51° and AB = (x+1000) tan 29°
AB =1.235x-and AB = (x +1000)(0.5543) = (0.5543x + 554.3)

Equating the two expressionsfor AB, you have
1.235%=10.5543x + 554.3 = x =~ 814.31
Thus, AB = 1.235 % 814.31 = 1005.67 and hence h = AB + 1.5 m = 1007 m.
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The trigonometric functions can also be used to solve triangles that are not right-angled
triangles. Such triangles are called oblique triangles. Any triangle, right or oblique, can
be solved if at least one side and any other two measures are known. The following are
the different possible conditions.

1 AAS: Two angles of a triangle and a side
opposite to one of them are known. o

224

100° 250

2 ASA: Two angles of atriangle and the included

side are known. b o N

37.5

3  SSA: Two sides of a triangle and an angle
opposite to one of them are known (In this case,
there may be no solution, one solution, or two
solutions. The latter is known as the ambiguous
case) 20.25

4  SAS: Two sides of atriangle and the included
angle are known. d 82.14

19.05

5  SSS: All three sides of the triangle are known. s
75 ’
e
172

Figure 9.35

In order to solve oblique triangles, you need the law of sines and the law of cosines.
The law of sines applies to the first three situations listed above. The law of cosines
appliesto the last two situations.

The law of sines 4

In any triangle ABC,

a b _c ¢
snA sSnB snC

Figure 9.36

In any triangle, the sides are proportional to the sine of the opposite angles.
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Example 5 InAEFG, FG = 4.56, m ( [E)I= 43°, and m( LG)I= 57°. Solve the triangle.

Solution First draw the triangle and label the known parts. Y ou know three of the
SiX measures.

[E3 43° e= 456 [G¥57° g i ze -
= f=2 g=? £

From the figure, you have the AAS situation.
Y ou begin by finding m( CE)
m( CE)I= 180° - (43° + 57°) = 80°
You can now find the other two sides, using the law of sines:

Figure 9.37

f __®© - f _ 4.56
snF snE sn80° sin43
= f [8.58 .
Also, — 9 -_°& 9 . .4'56 /
sn G sn E sin 57°  sin43 .
=g [3.61 .

Thus, you have solved the triangle:
[E%43° e=4.56, :
[E*80° f [B.58
[GE57° g=561
Example 6 InAQRS, q=15,r =28 and [Q¥ 43.6°. Solve the triangle.
Solution Draw the triangle and list the known measures:
[QF 43.6° q=15
[R#? r=28
JESE 3 s=7?

Figure 9.38

You have__theSSA situation and use the law of sinesto find R:
q rfhA 15 28

= =
snQ sinR  sn43.6° snR
: = sin R [1.2873.
Since there is no angle with a sine greater than 1, there is no solution.
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The law of cosines

In any triangle ABC, c
b
a?=b?+ c®—2bc cos A A a
b?=a?+ ¢?— 2ac cos B %
2 2 . B
? =a’+b?>-2ab cosC Figure 9.39

When the included angle is 90°, the law of cosines is reduced to the Pythagorean
Theorem.

Example 7 Solve AABC, if a=32,c=48and [BF 125.2°
Solution Y ou first label atriangle with the known and unknown measures.

[A%? a=32 NN) pl i
[(BF125.2° b=2 £ AJ
[C#? c=48 J B B ) |
{, 'IFig'u_re 9.4(;
You can find the third side using the law of cosines, as follows:
b®=a’ + c®*~2ac cos B '

o % = 322 + 487 — 2(32) (48) 05 125.2°

= b? L 5089.8 '

= b L71.34

You now havea =32, b L 71.34 and ¢ = 48, and you need to find the measures of
the other two angles. " At this point, you can find them in two ways, either using
the law of sines or the law of cosines. The advantage of using the law of cosinesis
that if you solve for the cosine and find that its value is negative, then you know
that the angle is obtuse. If the value of the cosine is positive, then the angle is
acute. Thus you use the law of ‘cosines:

To find angle A, you use
a’= b+ c?—2bccos A
1322 = (71.34)7 +48% - 2(71.34)(48) cos A
[AZ21.55°
The third is now easy to find:
[C#180° — (125.2° + 21.55°%) = 33.25°
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¥ Trigonometric Formulae for the Sum and

Differences

In grade 10, you have seen the fundamental trigonometric identities for asingle variable. In
this topic, you have trigonometric identities involving the sum or dlfference of two
variables /

For example, using your knowledge of the trigonometric values of 30° and 45°, you will
then be able to determine the trigonometric values of 30° + 45° = 75° and 45° 30°=15".

Theorem 9.1  Sum and Difference Formulae
1 Sine of the Sum and the Difference

v gn(x+y)=sinxcosy+ cosxsiny

v 8gn(X—y)=sSNXCcosy—cosxsny

Cosine of the Sum and Difference

V' cos(x+y)=cosxcosy—sinxsny

V' cos(Xx—y)=cosxcosy+snxsny

Tangent of the Sum and Difference

tan Xx+tany

Votan(x+y)= —n2TRanY
x+y) 1-tanxtany

tan X-tany
l+tanXxtany

v tan(x-y) =

Example 8 Find the exact values of sin 75°and sin 15°.
Solution  dn75° =dn(30°+ 45° = sin 30° cos 45° + cos 30° Sin 45°

_ 1 V2 B3 N2 _ J2+6

N2 20 % 4
sin15°= sin (45‘5 -.—3(_3") = sin 45° cos 30° - cos45° sin30°

_ V2,43 'ﬂxlzﬁ(@_l)

B 4

h 2/ 2 2
Example 9 Find the exact value of cos 105°.
Solution ~ cos105° = cos (60° + 45°) = cos 60 cos 45° — sin 60 sin 45°

lix/_\/_«/_(lf)

N

2 2 2 2
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Example 10 Find the exact values of
a  tan150° b tan195°
Solution
a  tan150°=tan (180°-30°)

1
_ tan180°-tan30° _ A __ 1 .
1+tan180°xtan30° ;,q, 1 3
V3
150° + 3 / )
b tan 195°= tan (150° + 45%) = >0 5 tan45_,, 7
1-tan150°xtands> . . - AW

Theorem 9.2 Double Angle and Half Angle Formulas
1 Double Angle Formula.

V' sin (2x) = 2 sin x cos x

v cos (2x) =cos2 x — sinZ x
2tan X

v tan 2x) = —————
(22) 1-tan®x

Half Angle Formula

v cos? X :1+cosx_ -~ + /1+cosx
2 2 2

v sin? [szl—cosx_ in 1-cosx

2 2

v tan2 [i] = X for cos x # —1;
2 1+ cosx

X /1 — COSX sin X 1 - cosx
tan| — | = = = -
2 1 + cos x 1 + cos x SN X

X
Thesignis determined by the quadrant that contains >
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i cos(2X) = cos® x— S x i cos(2X) = cos® x—sin® x
= cos’x — (1 — cos’) = (1 -sin’X) —sin’x
giving cos (2x) =2 cos” x—1 giving cos (2X) = 1 -2 sin® x
Example11 Find the exact values of LW
a snZ b cos15° ¢ tanZ
8 8
Solution
. 1-cos 1—£ 20— 2 :
a st == =2
8 2 2 4
L oanZ=¥27V2 g LR S,
8 2 8
o , + A o
b cof150= 110530 =2+‘/§:>Cp.3’15°= 2443
2 4 . 2%
Vg
2tan—"
C Z:£+£:>tanz— 8” !
4 8 8 4 X
: 8
m .
2tan— .
—1=— 8 S@an2lioenl-1=0
1-tan? 8 8
8

Solving the quadratic equation gives tan% =-1+4/2.
= tan% =21, becausetari% >0.

R Navigation

In navigation, directions to and from a reference point are often given in terms of
bearings. A bearing is an acute angle between a line of travel or line of sight and the
north-south line. Bearings are usually given angles in degrees such as east or west of
north, so that N #E isread as 6 east of north, and so on.

Example 12 Thetwo bearings in Figure 9.41 below are respectively,
a ' N30°E b  SIOE.
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N N
N30°E I
1
30 i
1

54km P
W 1

" : L E
36km 33\51, —

S
0 o 1
B 1
° 1

S30°E s

Figure 9.41 Figure9.42

Example 13 A ship leaves a port and travels 54 km due west. It then changes course
and sails 36 km on a bearing S33°W. How far is it from the port at this

point? (See Figure 9.42)

Solution The ship isat point B. You must calculat

of cosines,

e the distance PB. Using the law

(PB)? =547 +36° - 2x54x36x C0s 123° = 2916 +1296 — 3888 x (—0.5446)

= 6329.4048
= PB=79.5576
= The ship is about 80km from the port.

CR:¥: Optics Problem.

Snell’s law of refraction, which was discovered by
Dutch physicist Willebrord Snell (1591 — 1626),
states that a light ray is refracted (bent) as it passes
from a firss medium into a second medium
according to the equation:

sna _

snpg ¢
where a isthe angle of incidence and Listhe angle
of refraction. 3

o
y  First medium

Second medium

Figure 9.43

The Greek letter ¢ (mu), is caled the index of refraction of the second medium with

respect to thefirst.

Example 14 Theindex of refraction of water with respect to air is ¢ =1.33.
Determine the angle of refraction, if aray of light passes through water

with.an angle of incidence a= 30°.
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Solution MU= w 133= Sin30

sinfg sinf

=3 sn,B—10—353~03759:> B=sin™(0.3759)

— [=221°

S¥E Simple Harmonic Motion

The periodic nature of the trigonometric functions is useful for describing the motion of
apoint on an object that vibrates, oscillates, rotates, or is moved by wave motion.

In Physics, Biology, and Economics, many quantities are periodic. Examples include
the vibration or oscillation of a pendulum or a spring, periodic fluctuations in the
population of a species, and periodic fluctuations in abusm&s cycle Many of these
guantities can be described by harmonic functlons ;

Definition 9.5

A harmonic function is afunction that can be written in the form

g(t)=acoswt+bsn at. 1

Note that 1 can be written in the forms

acoswt+bsnwt=Acos(wt— J) 2
acoswt+bsnwt=Asn(wt+ ¢) 3
Where A=+a®+b?, (cosd, sind) :(Z,zj,and (cosg, sing) = (i Zj

In2 or 3, the per_iod__is,-%ﬂ. The_ frequency f of the function is the number of complete
periods per unit tim_é. Since y=Acos (wt-J) or y=Asin (wt+J) returns to the
samey value in one period equal to %/T time units, you have:

Natural frequency of a function

Units of frequency are cycles/sec (also called Hertz).
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Unit 9 Further on Trigonometric Functions

Example 15 A simple electric circuit

right, an electromotive force (EMF) E (volts), usualy a
battery or generator, drives an electric charge Q e l
(coulombs) and produces a current | (amperes). In the
circuit shown in Figure9.44, a resistor of resistance R
(Ohms) is a component of the circuit that opposes the R
current, disspating the energy in the form of heat. It
produces adrop in the voltage given by Ohm's law:

E=R ) .
The electromotive force (EMF) may be direct or aternating. A direct EMF is
given by a constant voltage. An alternating EMF is usualy given as a sine
function: :

E=Esnawt E,>0
Since-1 <sin wt <1, you see that
-E, <E <E, /. :
Thus, E, is the maximum voltage, and —E, ié the minimum voltage.

In an electric circuit, such as the one in the figure on the rﬁ
|

Figure 9.44

Example 16 Suppose that an EMF of E=10sin %t volts is connected in the circuit of

Figure 9.45 above with aresistance of 5 ohms.
a What isthe period of the EMF?
b What isthe frequency? :

¢ What isthe maximum current in the system?

Solution
a perio_d:_ﬂ:z_”:ilzzg
L0 T X
2\ N
b~ frequency = w1 cyclé/sec
\ Y= on/8

| = 8 = ——==2dn Zt ampere.
R 5 4
The maximum current is 2 amperes.
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Example 17 Given the equation for smple harmonic motion d = 6 cos %m, find

the maximum displacement

the frequency

the value of d whent = 4

d  theleast postive valueof t for whichd = 0.

O T o

Solution . ,
a  Themaximum displacement is 6, because the maximum displacement from
the point of equilibrium is the amplitude. - ;
3n
b Frequency = w _a 3 cycle/unit time.
2 2m 8 :

c d=6cos [%’(4)} =6 cos37=6(-1) =_—6

d  Tofind theleast positive value of t for which'd = 0, solve the equation
d=6oos%t=0toobtain : :

§m = Z, §/7, E/T, ... whichimpliest = E 2, E N U

4 2 2 2 3 3 ;

Thus, the least positive value of tist = %

Vibrations, such as those created by plucking aviolin string or striking a wooden
tube, cause sound waves, which may or may not be audible to the human ear.
Often, sound waves are sinusoidal and can therefore be written in the form

y=asnwt
Here you assume that there is no phase shift [i.e.¢ = O in equation 3]. The
amplitudeais rglgted to the loudness of the sound, which is measured in decibels.

Example 18 Niddle Cisstruck on a piano with amplitude of a = 2. The frequency of

niddle C is 264 cycles/sec. Write an equation for the resulting sound
wave. /

Solution:. . Witha =2, wehave
y=2sn a)t
But, frequency = e 264
T2

So w =264 (277) = 5287. Thus, y = 2 sin 52877t is the equation of the sound wave.
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A flying airplane is sighted in a line from two observation stations A and B. The
angle of elevation of the airplane from A is 30° and from B is60°. A and B areon

the same side of the airplane. |If the distance between A and B is 1200 m, find the .~

dtitude of the airplane.

Solve each of the following triangles. Approximate the answersto two decima places.

//‘I m
Figure 9.45

The angle of eevation of the top of abuilding is found to be 70° as measured from

apoint on alevel ground. If the angle of elevation of a point on the building that

is 3 m below the top is 60° as measured from the same point on the ground, find
the height of the building.

Given below is an isosceles trapezium with shorter base b units and the congruent
sides a units long. If the base angle measures 8°, express the area of the trapezium
intermsof a, b, sin #and cos 6.

J A

Figure 9.46
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5  Two boats A and B leave the same port P at the same time. A travels 60 km in
the direction N 75° W to port Q and B travels 80 km in the direction S 45° W to
port R. Find the distance between port Q and port R.

6  Therefraction index of water with respect to air is ;= 1.33. Determine the angle
of refraction S of aray of light that strikes the water body with an angle of
incidence a = 45°.

7 Find the exact values of the following trigonometric functions without using a
calculator or tables.

a  sin1es° b cos105° ¢ tan % 7
11 19 13
d sec—1r e cot —r f cscC—71
12 12 12
8  Simplify each of the following expressions.
tan175° - tan130 b smx+tanxxcotx
1+tan175° x tan130° CSC X+ cot X
sin(2x) + sin(4x) d cot X N tanx 2
c0oS(2x) — cos(4x) 1-tanx 1-cotx sin(2x)

e ()

9  Analternating current generator generates a current given by the formula
| =20 sin4077t, wheret istime in seconds.

a  Determine the amplitude and the period.
b What isthe frequency of the current?

10 An aeroplane is flying in a direction S 15° E at an air speed of 1403 km/hr. A
steady wind of 56 km/hr is blowing in the direction of S 30°W. Find the velocity
of the aeroplane relative to the ground.

11 A boat directed N 75°E is crossing ariver at a speed of 20 km/hr relative to the
water. Theriver isflowing in the direction of S 30°E at 6 km/hr. Find the velocity
of the boat relative to the ground.

12 InAXYZ,x=23.5,y=9.8, [ X 39.7°. Solvethetriangle.

13 InAABC,b=15,c=20,and [B¥ 29°. Solvethetriangle.
14 Ifx=acosd—bsingd andy= asind+ b cosb, express X’ + y* interms of aand b
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15 Simple pendulum: An object consisting of a point mass m is suspended by a
weightless string of length ¢ as shown in Figure 9.47. If it is pulled to one side of
its vertical position and released, it moves periodically to the right and to the left.

Let y denote the displacement of the mass from its vertical position, measured
along the arc of the swing at time t. suppose that y = a when t = 0, the instance of .
release. Then, if a is not too large, the quantity y will approximately oscillate

according to the simple harmonic model y = a cosw t with period T = 2/7\/1, ="
g

where g is the acceleration of gravity.

g =32 feet/sec’ or g =9.8 m/sec?

If ¢=1.2m and a=0.06 m, determine the '

equation for y asafunction of t and find O"/ /,*

a  theperiod. y=—\ /y=a

b theangular frequency. Figure 9.47 &n)
arccosecant cosecant secant
arccosine cosine sine
arccotangent cotangent sinusoidal
arcsecant harmonic motion tangent
arcsine laws of cosines trigonometric identities
arctangent laws of sines

[ _surmary

1 The Reciprééal Trigonometric Functions:
[ The Cosecant Function: the reciprocal of sine function, y = csc x.
v csC X = i
sinx
v Domain= R\{k7: k [Z}
¢ Range= (o~ U[t, )
v Period =21
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v
v

The Secant Function: the reciprocal of cosine function, y = sec x.

Domain= R\ { (2k+1)% -k [Z}

Renge = (-, ~1JUt. )
Period = 27
The Cotangent Function: thereciproca of tangent function, y = cot x.

1
cotx= ——
tan x
Domain = R\{k7: k [Z}
Range= R
Period = 7

2 Inverse Trigonometric Functions

394

The Inverse Sine or Arcsine
sntx=y, if and only if x= siny and %s ys%.

The Inverse Cosine or Arccosine
costx=y,if andonlyif x=cosyand0<ys< 7

The Inverse Tangent or Arctangent
tar® x = v, if and only if x = tan y and —%<y < %
The Inverse Cosecant or Arccosecant

csctx=y,if andonly if x= cscy and %s ys%withy# 0.

csclx = snt [%JM >1

The Inverse Secant or Arcsecant

sectx=vy, ifandonlyif x=secyand0<y< ﬂwithy¢%.

sec! x = cos™ [3 X =1
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Vi The Inverse Cotangent or Arccotangent
cot *x=vyifand onlyif x=cotyand0<y< .

-1

cotx= T —tantx
2

Graphs of some trigonometric functions.
y=asn(kx+b)+candy=acos(kx+b)+c,
i Amplitude = | a|
ii Period,P=27”; k>0
When k < 0, use the symmetric property
iii Range=|:c—|a|, c+|a|:|
iv. Phase angle =—b

\Y; Phase shift = _?b

Applications of Trigonometric Functions

Solving a triangle

i The Law of Sines .a = _b = _C /\
sinA sinB sinC
ii The Law of Cosines A C
¢ =a?+ b?—2ab cos C, b?= a? + ¢*— 2ac cos B, b
a?=b?+ ¢ —2bc cosA. Figure 9.48

il Trigonometric Formulae for the sum and difference

The addition and difference identities

v 8n(xzy)=sinxcosy+tcosxsiny

v’ cos(xxy)=cosxcosy F sSnxsiny

v tn(xiy)= tanx + tany

1 ¥ tan xtany

Double - Angle Formulas

v c0s(2X) = cos® X—sinf x
c0s (2X) = 2 cos® x— 1

v cos(2X)=1-2snx

v sin(2x) =2sinx cosx
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v tan(2X) = L&n;(
1-tan” x
Half Angle Formulas
v cod X _ 1+cosx
2 2
T (zj _ 1-cosx
2 2

v tan? (Ej = l_COSX; cosxz-1
2 1+ cosx

5 Simple Harmonic Motion

g(t)y=acos(wt)+bsn(wt)

v’ period, P=2—”
w

v' frequency, f =9
2m

:?J Review Exercises on Unit 9

1 Prove the following identities.
a  cot(x+ m)=cotx b cot(—x) =—cot x
c sc(—X) = secx d csc(—x) = —cscXx

2 Find each value.

Vi Vi Vi
a SEeC — b CSC — c cot —
4 6 2

Explain how the graph of y = csc x isrelated to the graph of y = sec x.
4 Find a function f of the form f (X) = a sin (kx) satisfying the given properties

a  amplitude 3 and period E/T
b amplitude é andf (3)=0
C  peakat (%5)

d amplitude 2, the graph passes through (% O)
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Repeat problem number 4, if f (X) = a cos (kx).
Find each value.

a sn® [ﬁJ b tan™(D) c tan‘l(—\@)

Using a calculator or tables, find each value

a acsin(0.0941) b arccos (0.5525) c arctan (—2.4147)
Find the exact values of each of the following without using a calculator or tables.
a dn (si nt (:—SSD b d€n (SI n™(0. 025))

o
28

ol

e cos(si n‘l(x)) for | x|<1

¢ o]

If Sn(a +6) =§and sin6’=:—3,findsina
73 5

(e=(s)

sm(cos‘l(x)) for |x|<1

wfom ()

—h

>

. 12 3_ . X
If Snx=-—, m<x<—r, find cos| — |.
37 2 2
Draw the graph of each of the following functions for one cycle.
a f(x)=25in[x—£j b f(x)=cos[—lx+zj
2 2 4

n

c f(x):3—sin[%x+zj d f(x)=2cos[%xj+3

Use the law of sinesto solve AABC if
a a=5,4=50°%y=70°

b a=5b=3, a=45° b C
c a=11,b=24, a=59.5°

Use the law of cosnesto solve AABC if Figure 9.49
a a=5b=6, y=60° b b=8,c=7, a=30°
c a=20,c=30, 4=110°
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14 Solve each of the following trigonometric equations.

a  sn(@)=+/3 sinx b sin(2x)=—%
c tan[Bx—%j:\@ d  2sinx=sin(2x)

e tan[%j—Zsinx:O

15 Two drivers A and B leave the same place at the same time. If A drives 80 km/hr
in the direction of N 30°E and B drives 90km/hr in the direction of S 60°W, how

far apart are they after 1% hours?

16 A tower 15 m high is on the bank of ariver. It is observed that the angle of
depression from the top of the tower to apoint on the opposite shore is 30° and the
angle of depression from the base of the tower to the same point on the opposite
shoreis observed to be 15°. Find the width of theriver.

17  Therefraction index of ice with respect to air is ¢ = 1.309. Determine the angle of
refraction £ of aray of light that strikes a block of ice with an angle of incidence
a=40°.

18 Prove each of the following trigonometric identities.

cos(2x) _cotx-1
1+sin (2x) cotx+1

a  cos'x—sin*x=cos(2X)

19 Simplifyy=tan(2sin™' x) intermsof x.
20  The population (in hundreds) of a species of bird in an areais modelled by the
function

P(t)=5+3sin[%j; 0<t<12,

wheret isthetimein months,

Determine:

a theinitial population.

b the largest and smallest populations.

C the first time in which the popul ati on reaches 350 birds.
d the populati on after one year.
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